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Defin i t ions  and Notation 
Automata t h e o r i s t s  have r ecen t ly  devoted a  g rea t  dea l  o f  e f f o r t  
t o  t h e  s tudy of multihead automata. A multihead automaton, M ,  c o n s i s t s  
of (i) a  c o n t r o l  which is  i n  one of  a  f i n i t e  number of  s t a t e s ;  (ii) an 
input  tape  conta in ing  a  f i n i t e  s t r i n g  over  a  f i n i t e  a lphabet ,  EM; ( i i i )  
a  f i n i t e  number of  read heads scanning symbols on t h e  inpu t  t a p e ;  ( i v )  
an a u x i l i a r y  memory conta in ing  a  f i n i t e  number of  symbols from a  f i n i t e  
a lphabet ,  TM; and ( v )  a  means of  access  t o  t h e  a u x i l i a r y  memory. 
The machine makes "moves" based upon a  po r t ion  of  i t s  c u r r e n t  
con f igu ra t ion ,  namely t h e  s t a t e ,  t h e  con ten t s  o f  a  f i n i t e  po r t ion  o f  
t h e  a u x i l i a r y  memory and t h e  h- tuple  of input  symbols under t he  h  heads. 
A move r e f l e c t s  ( i )  a  poss ib l e  s t a t e  t r a n s i t i o n ,  ( i i )  a  modi f ica t ion  of  
some f i n i t e  p o r t i o n  of t h e  a u x i l i a r y  memory and (iii) independent  motion 
of each read  head. I f  t he  machine is one-way, then each read  head can 
move one square  r i g h t  o r  remain s t a t i o n a r y .  Each head of a  two-way 
machine can a l s o  move one square l e f t .  
Machines a r e  c l a s s i f i e d  according t o  t h e  s i z e  and a c c e s s i b i l i t y  
of t h e  a u x i l i a r y  memory. This  memory is  viewed a s  some f ixed  number of  
s to rage  t apes  upon which t h e  automaton can w r i t e  symbols a s  we l l  a s  
read them; t h e r e  is  a  s i n g l e  read/wr i te  head on each tape .  A 
Turing machine,  TM, has  an u n r e s t r i c t e d  a u x i l i a r y  memory; t h a t  i s ,  any 
symbol on any t a p e  can  be o v e r w r i t t e n  and t h e r e  is no p r i o r  bound on 
t h e  p o t e n t i a l  number o f  s q u a r e s  t h a t  can be  scanned on any t a p e .  If 
any scanned symbol can  be o v e r w r i t t e n  and ,  f o r  i n p u t s  o f  l e n g t h  n ,  
on ly  L(n)  d i s t i n c t  symbols can be  used on any t a p e ,  t h e n  t h e  associa te ,d  
machine is s a i d  t o  be  a TM o p e r a t i n g  i n  s p a c e  L( n )  , TM, L(n)  . The c a s e  
i n  which L ( n )  is a l i n e a r  f u n c t i o n  h a s  r e c e i v e d  s p e c i a l  c o n s i d e r a t i o n ;  
such a machine is  c a l l e d  a l i n e a r  bounded automaton,  LBA. 
The pushdown automaton,  PDA, and t h e  s t a c k  automaton,  SA, b o t h  
have a s i n g l e  s t o r a g e  t a p e  i n f i n i t e  t o  t h e  r i g h t .  I n i t i a l l y ,  t h e  l e f t -  
most s q u a r e  c o n t a i n s  a s p e c i a l  symbol, c a l l e d  t h e  bot tom,  and t h e  r e s t  
of  t h e  t a p e  is b lank .  Access t o  t h i s  t a p e  is  l i m i t e d ,  however.-  
I n  a PDA t h i s  t a p e  is  c a l l e d  t h e  " s t o r e , "  and t h e  r e a d / w r i t e  head 
is  always l o c a t e d  a t  t h e  r i g h t m o s t  non-blank symbol on t h e  t a p e .  I n  a 
s i n g l e  move, t h e  PDA can  ( i )  l e a v e  t h e  scanned symbol a l o n e ,  ( i i )  e r a s e  
t h e  scanned symbol and move t h e  r e a d / w r i t e  head one s q u a r e  l e f t  o r  ( i i i )  
move t h e  r e a d / w r i t e  head one s q u a r e  r i g h t  and add a symbol t o  t h e  t o p  of 
t h e  s t o r e .  
I n  a SA t h i s  tape is c a l l e d  t h e  l ' s t ack , "  and t h e  r e a d / w r i t e  head is  
al lowed t o  move t o  t h e  l e f t  o f  t h e  r i g h t m o s t  non-blank symbol f o r  r e a d -  
i n g .  W r i t i n g  o r  e r a s u r e ,  however, must t a k e  p l a c e  e x a c t l y  as i n  a PDA. 
A machine which has  some f i n i t e  number of u n r e s t r i c t e d  s t o r a g e  
t a p e s  i n  a d d i t i o n  t o  a pushdown s t o r e  i s  c a l l e d  an  a u x i l i a r y  pushdown 
machine, aux-PDM [5] .  S i n c e  t h e  u n r e s t r i c t e d  v e r s i o n  o f  t h i s  machine is 
e q u i v a l e n t  t o  a TM, a bound is u s u a l l y  p laced  on t h e  number o f  d i s t i n c t  
s q u a r e s  t h a t  c a n  b e  scanned on t h e  u n r e s t r i c t e d  s t o r a g e  t a p e s ,  c a l l e d  
work t a p e s ;  no  bound is  p l a c e d  on t h e  p o t e n t i a l  s i z e  o f  t h e  pushdown 
s t o r e .  I f ,  f o r  i n p u t s  of l e n g t h  n ,  no more t h a n  L ( n )  d i s t i n c t  s q u a r e s  
c a n  b e  scanned  on any work t a p e ,  t h e n  t h e  machine is  c a l l e d  a n  aux-PDM, 
L ( n ) .  Mager [19] s e p a r a t e l y  d e f i n e d  a w r i t i n g  pushdown au tomaton ,  WPDA,  
which is  a n  aux-PDM o p e r a t i n g  i n  l i n e a r  s p a c e ,  o r  e q u i v a l e n t l y  a n  LBA 
w i t h  a pushdown s t o r e .  The WPDA h a s  o n l y  one TM work t a p e .  
A pushdown automaton which h a s  o n l y  one symbol which c a n  b e  used  
t o  o v e r w r i t e  b l a n k s  i n  t h e  s t o r e  i s  c a l l e d  a c o u n t e r  au tomaton ,  CA [16] ,  
and its s t o r e  is c a l l e d  a c o u n t e r .  A f i n i t e  automaton,  FA, h a s  no  
a u x i l i a r y  memory. 
I f  t h e  c o n t r o l  of  M a l l o w s  a t  most one move from any c o n f i g u r a -  
t i o n ,  t h e n  M i s  a d e t e r m i n i s t i c  machine.  A n o n - d e t e r m i n i s t i c  machine 
may have more t h a n  one a l l o w a b l e  move f rom e a c h  c o n f i g u r a t i o n .  
Machines examined i n  t h i s  t h e s i s  can  b e  viewed as l a n g u a g e  ac- 
c e p t o r s :  when a s t r i n g  x i s  s u b m i t t e d  t o  a machine M ,  M e i t h e r  a c c e p t s  
o r  rejects x in the fo l lowing  s ense .  The string ex$ is p l a c e d  on t h e  
i n p u t  t a p e  o f  M ;  t h e  l e f t  endmarker  C and t h e  r i g h t  endmarker $ are 
symbols i n  Z which d o  n o t  a p p e a r  i n  x ,  i . e .  x  E (XM-{C,$j)f:. M w i l l  
M 
s t a r t  i n  a d i s t i n g u i s h e d  s t a r t  s t a t e ,  w i t h  some un ique  i n i t i a l  c o n t e n t s  
i n  t h e  a u x i l i a r y  memory and  a l l  of i t s  r e a d  heads  s c a n n i n g  t h e  C .  M h a s  
a d i s t i n g u i s h e d  s u b s e t  o f  t h e  s e t  o f  s t a t e s ,  c a l l e d  t h e  s e t  o f  f i n a l  
s t a t e s , a n d  i f  x c a n  e v e r  c a u s e  M t o  e n t e r  one  of t h e s e  s t a t e s  when a l l  
r e a d  heads  a r e  s c a n n i n g  t h e  $, t h e n  M h a l t s  and a c c e p t s  x .  M w i l l  a l s o  
h a l t  i f  any r e a d  head moves t o  t h e  l e f t  o f  C o r  t o  t h e  r i g h t  o f  $, i f  
t he  a u x i l i a r y  memory becomes empty o r  i f  t h e r e  is no a l lowable  move from 
the  c u r r e n t  con f igu ra t i on .  For each machine M ,  we d e f i n e  T(M) = {x lx  is 
accepted by MI. Machines M and M '  a r e  c a l l e d  equ iva l en t  i f  T(M) = T ( M 1 ) .  
Machine c l a s s e s  w i l l  b e  des igna ted  by names accord ing  t o  t h e  
fol lowing convent ion:  ( i )  t h e  first c h a r a c t e r  o f  t h e  name ( 1 o r  2 ) 
i n d i c a t e s  whether t h e  machine is one-way o r  two-way; ( i i )  t h e  second 
c h a r a c t e r  ( D o r  N ) i n d i c a t e s  whether t h e  machine is d e t e r m i n i s t i c  o r  
non-de te rmin is t i c ;  ( i i i )  t h e  nex t  s e t  of c h a r a c t e r s  ( e .g .  PDA,SA, FA, 
. . . )  c l a s s i f i e s  t h e  memory o f  t h e  machine; ( i v )  t h e  l a s t  group o f  char- 
a c t e r s  ( ( h ) ,  h a p o s i t i v e  i n t e g e r  ) i n d i c a t e s  t h a t  t h e  machine has  h 
read  heads.  If h = 1, t h i s  group o f  c h a r a c t e r s  w i l l  be  omi t t ed .  More- 
ove r ,  s i n c e  LBA and TM a r e  always two-way, t h e  i n i t i a l  number is omi t t ed  
i n  t h e s e  ca se s .  Thus, t h e  name ~ D P D A ( ~ )  s t a n d s  f o r  t h e  c l a s s  o f  two-way 
d e t e r m i n i s t i c  pushdown automata w i th  t h r e e  r ead  heads ,  wh i l e  lNFA i s  t h e  
c l a s s  of one-way non -de t e rmin i s t i c  f i n i t e  automata w i th  one r e a d  head. 
Automata have been h i e r a r c h i c a l l y  arranged accord ing  t o  t h e  s e t s  
they a c c e p t .  For example, any s e t  which can be accep ted  by a member of 
t h e  c l a s s  lNFA can a l s o  be accep ted  by some machine i n  lDPDA [14]; we 
i i say  t h a t  lNFA c 1DPDA. But s i n c e  t h e  s e t  { a  b : ir13 can be  accep ted  by - 
some M E lDPDA bu t  by no M t  E lNFA [ ? I ,  lNFA c 1DPDA. 
H i s t o r i c a l  Overview 
Chomsky [4] gave such h i e r a r c h i e s  t h e i r  i n i t i a l  impetus when he 
e x h i b i t e d  gene ra to r s  o f  languages c a l l e d  formal  grammars. Chomsky c l a s -  
s i f i e d  t h e s e  grammars and developed t h e  f o u r  t r a d i t i o n a l  language 
c l a s s e s :  r e g u l a r  l anguages ,  RL; con t ex t - f r ee  languages,  CFL; 
c o n t e x t - s e n s i t i v e  l anguages ,  CSL; and r e c u r s i v e l y  enumerable l a n g u a g e s ,  
REL. I t  was shown t h a t  f o r  each  c l a s s  o f  l anguages  t h e r e  was a n  
e q u i v a l e n t  c l a s s  of automata;  t h e  machines i n  t h e  c l a s s  a c c e p t e d  a l l  
and o n l y  members o f  t h e  c o r r e s p o n d i n g  language class. Corresponding t o  
RL are lNFA [14],  t o  CFL a r e  lNPDA [7],  t o  CSL a r e  #LBA [18] and t o  ' 
REL are NTM [14]. I t  i s  known t h a t  RL c CFL c CSL c REL, o r  e q u i v a l e n t -  
l y  lNFA c lNPDA c NLBA c NTM. 
Although fo rmal  grammars have n o t  been e x h i b i t e d  f o r  most c l a s s e s  
o f  automata  which have a r i s e n  s i n c e  Chomskyls i n i t i a l  work, e f f o r t s  t o  
e s t a b l i s h  a h i e r a r c h y  o f  au tomata  comprise  much of t h e  e x i s t i n g  l i t e ra -  
ture and g i v e  r i s e  t o  many i n t e r e s t i n g  (and d i f f i c u l t )  unso lved  problems 
i n  t h e  a r e a .  A s  each  new c l a s s  o f  automata  is d e f i n e d ,  q u e s t i o n s  o f  i n -  
c l u s i o n ,  more s p e c i f i c a l l y  p r o p e r  i n c l u s i o n  and i n c o m p a r a b i l i t y ,  immedi- 
a t e l y  arise i n  t r y i n g  t o  p u t  t h e  new c l a s s  i n  i t s  p roper  p l a c e  among t h e  
e x i s t i n g  c l a s s e s .  
The c l a s s e s  2DFA and 2NFA were f i rs t  examined by Rabin [22]. 
Sheperdson [ 26 ]  h a s  shown t h a t  t h e  two-way motion of  t h e  r e a d  head d i d  
n o t  i n c r e a s e  t h e  accep tance  power of  t h e  machine,  i . e .  2NFA = 2DFA = 
INFA = 1DFA. 
The c l a s s e s  lDFA(h) and lNFA(h) were i n t r o d u c e d  by Rosenberg C241. 
R o s e n b e r g l s  d e f i n i t i o n  d i f f e r s  s l i g h t l y  from o u r s ,  i n  t h a t  o n l y  one head 
a t  a time c a n  s c a n  t h e  i n p u t  t a p e ,  b u t  i t  is  e a s y  t o  show t h a t  t h e  two 
d e f i n i t i o n s  are e q u i v a l e n t .  Rosenberg e s t a b l i s h e d  an  i n f i n i t e  h i e r a r c h y  
lDFA(h) c lDFA(ht1) f o r  h 1 1. Rosenberg a l s o  showed t h a t  t h e  c o n t e x t -  
R 
f r e e  language L = {XOOX lx E { 1 , 2 l f i )  i s  n o t  i n  T(M) f o r  any 
i i i  M E u lDFA(h). S i n c e  t h e  c o n t e x t - s e n s i t i v e  l anguage  L = { a  b c l i r l }  
h = l  
1 
is  a c c e p t e d  by some member o f  ~ D F A ( ~ ) ,  i t  f o l l o w s  t h a t  one-way m u l t i -  
head au tomata  are n o t  comparable  t o  1NPDA. Rosenberg a l s o  showed f o r  
e a c h  h 1 1 t h a t  t h e  l a n g u a g e s  a c c e p t e d  by lNFA(h) were n o t  c l o s e d  under  
u n i o n ,  i n t e r s e c t i o n  o r  c o n c a t e n a t i o n .  
) 
The c l a s s e s  2DFA(h) and 2NFA(h) have  been examined by I b a r r a  and 
Chobbam. I b a r r a  [13]  h a s  shown t h a t  2DFA(h) c 2DFA(h+2) f o r  h r 1; 
whe the r  a similar r e s u l t  h o l d s  f o r  t h e  c l a s s  ~ N F A ( ~ )  r e m a i n s  open.  I n  
a n  u n p u b l i s h e d  b u t  o f t e n  r e f e r e n c e d  15 ,131  p a p e r ,  Chobbam h a s  shown t h a t  
cn cn 
u 2DFA(h) = D T M , L ( ~ )  = l o g ( n )  and u 2NFA(h) = NTM,L(n) = l o g ( n ) .  
h = l  h = l  
The 2DPDA was i n i t i a l l y  d e f i n e d  by Gray,  H a r r i s o n  and I b a r r a  1 8 1 .  
S i n c e  i t  was known t h a t  lNPDA c o r r e s p o n d  t o  CFL and t h a t  lDPDA c lNPDA, 
a q u e s t i o n  which n a t u r a l l y  a r o s e  was whether  t h e  two-way mot ion  o f  t h e  
i n p u t  head compensated f o r  t h e  l a c k  o f  non-determinacy i n  t h e  f i n i t e  con- 
t r o l .  T h i s  q u e s t i o n  r e m a i n s  open.  I t  is  e a s y  t o  show t h a t  t h e r e  a r e  
i i i  
CSL which can  b e  a c c e p t e d  by members o f  2DPDA ( e . g .  L = { a  b c 11111 
[8 ] ) ,  and i t  is  c o n j e c t u r e d  t h a t  t h e r e  e x i s t s  a CFL which c a n n o t  b e  
a c c e p t e d  by any M E 2DPDA [1 ,14] .  If t h e  c o n j e c t u r e  c o u l d  b e  p r o v e d ,  
t h e n  t h e  c l a s s e s  2DPDA and  lNPDA would n o t  b e  comparab le .  Gray ,  Harri- 
s o n  and I b a r r a  d i d  show, however,  t h a t  2DPDA 5 DLBA 5 CSL. 
The n o n - d e t e r m i n i s t i c  v e r s i o n  o f  t h i s  machine ,  2NPDA, is  c l e a r l y  
more p o w e r f u l  t h a n  1NPDA; t h u s  t h e  s e t s  2NPDA a c c e p t a b l e  p r o p e r l y  i n -  
c l u d e  t h e  CFL. I t  is  n o t  known whe the r  2DPDA c 2NPDA. Moreover,  r e -  
s u l t s  r e l a t i n g  2NPDA t o  NLBA have  n o t  as y e t  a p p e a r e d ,  b u t  i t  is obv ious  
t h a t  2NPDA c 2NSA. - 
The m u l t i h e a d  pushdown automaton was i n t r o d u c e d  by H a r r i s o n  and 
I b a r r a  [ l o ] .  The o r i g i n a l  p a p e r  was p r i m a r i l y  c o n c e r n e d  w i t h  t h e  e s t a b -  
l i s h m e n t  o f  c l o s u r e  p r o p e r t i e s  f o r  s e t s  a c c e p t e d  by ~ D P D A ( ~ )  and  ~ N P D A ( ~ )  
and w i t h  t h e  r e l a t i o n s h i p  o f  t h e s e  machines  t o  pushdown a u t o m a t a  w i t h  
s e v e r a l  i n p u t  t a p e s .  
I b a r r a  [13] e s t a b l i s h e d  two i n f i n i t e  h i e r a r c h i e s ,  showing t h a t  - 
f o r  h  2 1, 2DPDA(h) c 2DPDA(h+l) and 2NPDA(h) c 2NPDA(h+l). These  h i e r -  
a r c h i e s  f o l l o w  f rom e x i s t e n c e  p r o o f s  and he  d o e s  n o t  a c t u a l l y  e x h i b i t  
t h e  r e q u i r e d  l a n g u a g e s .  
A r e l a t i o n s h i p  be tween 2NPDA(h) and 2DPDA(h1) was e s t a b l i s h e d  by 
Kameda [16]. Kameda d e f i n e d  a bounded c o u n t e r  machine w i t h  s e v e r a l  
c o u n t e r s .  T h i s  machine h a s  a f i x e d  number o f  c o u n t e r s  and  no c o u n t e r  
c a n  e v e r  c o n t a i n  more non-blank symbols  t h a n  s p e c i f i e d  by t h e  botlnd. 
R e l a t i o n s h i p s  be tween t h e  bounded c o u n t e r  mach ines ,  m u l t i h e a d  PDA 
and TM a l l o w  Kameda t o  show t h a t  2NPDA(h) c 2DPDA(12h+l) f o r  e a c h  h  2 1. - 
An e x i s t e n c e  p r o o f  i s  a g a i n  used ;  t h e  a c t u a l  c o n s t r u c t i o n  of  t h e  re- 
q u i r e d  2DPDA(12h+l) is n o t  shown. 
Ano the r  t e c h n i q u e  o f  e s t a b l i s h i n g  h i e r a r c h i e s  h a s  b e e n  u s e d  by 
Cook C51 and i n v o l v e s  t h e  u s e  o f  TM time a n d  s p a c e  classes. A TM o p e r -  
a t i n g  i n  time ~ ( n ) ,  T M , T ( ~ ) ,  must make no  more t h a n  T ( n )  moves b e f o r e  
a c c e p t i n g  a n  i n p u t  o f  l e n g t h  n .  A r e f i n e m e n t  t heo rem by Hennie  and  
S t e a r n s  [ll] c a n  b e  used  t o  show t h a t  t h e  class C is more p o w e r f u l  t h a n  
t h e  class C1 i f  C 1  c a n  b e  shown e q u i v a l e n t  t o  TM,T ( n ) ,  C i s  e q u i v a l e n t  2  
T 2 ( n ) l o g T 2 ( n )  
t o  TM,Tl(n) and  l i m  i n f  - -  - 0. 
TI ( n )  
I 
Cook 's  work a l l o w s  t h e  s t u d y  of s e v e r a l  c l a s s e s  o f  a u t o m a t a  i n  
a u n i f i e d  s e t t i n g  of aux-PDM. He e x h i b i t e d  s e v e r a l  c l a s s e s  o f  automata  
t h a t  were e q u i v a l e n t  t o  s p a c e  c l a s s e s  of aux-PDM and t ime  c l a s s e s  o f  
DTM. The Hennie and S t e a r n s  theorem can  t h e n  be  used t o  e s t a b l i s h  t h e  
f o l l o w i n g  : 
00 a, 
U n f o r t u n a t e l y ,  Cook 's  r e s u l t s  t h a t  u 2DPDA(h) - u 2NPDA(h) 
h = l  h = l  
can n o t  be  used t o  r e l a t e  2DPDA(h) t o  2NPDA(h) f o r  a  f i x e d  i n t e g e r  h ,  
s i n c e  t h e  c o n s t r u c t i o n s  depend upon Chobbam's unpub l i shed  r e s u l t  which 
is  dependent  on t h e  s i z e  o f  t h e  i n p u t  a l p h a b e t s  r a t h e r  t h a n  t h e  number 
of heads .  
Cook, I b a r r a  and Kameda ach ieved  t h e i r  r e s u l t s  w i t h  i n d i r e c t  
methods. A p o p u l a r  d i r e c t  method o f  e s t a b l i s h i n g  h i e r a r c h i e s  i s  th rough  
t h e  c o n s t r u c t i o n  of a d i a g o n a l  l anguage .  T h i s  method was f i rs t  used  by 
Knuth and Bigelow [17] t o  p rove  t h a t  NLBA c 2NSA. A d i a g o n a l  c o n s t r u c -  
t i o n  o f  a l a n g u a g e  n o t  i n  a p a r t i c u l a r  class C p r o c e e d s  i n  t h e  f o l l o w i n g  
manner : 
i. L e t  L be  a l anguage  o f  d e s c r i p t i o n s  o f  a c c e p t o r s  f o r  t h e  
1 
c l a s s  C ,  s u c h  t h a t  e v e r y  a c c e p t o r  i n  C h a s  a t  l e a s t  one d e s c r i p t i o n  i n  
ii. The d i a g o n a l  l anguage  is  L  {E( x )  1 X E L ~  and t h e  machine M 
d e s c r i b e d  by x  d o e s  n o t  a c c e p t  E ( x ) ) .  E (x )  is a  f i x e d  encod ing  which 
maps symbol i o f  t h e  a l p h a b e t  o f  L i n t o  symbol i o f  C 
1 M *  
iii. L c a n n o t  be i n  C because  t h e  e x i s t e n c e  i n  C o f  a n  a c c e p t o r  
f o r  L would g i v e  r i s e  t o  a n  obv ious  c o n t r a d i c t i o n .  
A c l a s s  o f  machines  C '  w i l l  b e  more p o w e r f u l  t h a n  a c l a s s  C i f  
t h e r e  is  a machine M t  E C '  which can  a c c e p t  t h e  d i a g o n a l  l a n g u a g e  f o r  . 
C and f u r t h e r m o r e  C c - C t .  I f  s u b m i t t e d  aM, t h e  d e s c r i p t i o n  o f  M E C ,  
M '  E C '  c a n  o b v i o u s l y  o p e r a t e  by s i m u l a t i n g  M a c t i n g  on i n p u t  Ca $, r e -  
M CI 
j e c t i n g  a i f  M would a c c e p t  i t  and a c c e p t i n g  a i f  M would r e j e c t  i t .  
M M 
Mager [19] u sed  t h i s  method t o  show t h a t  2DPDA c - 2WPDA; M a r t i n  and Gwynn 
[20]  u s e d  a similar method t o  c o n s t r u c t  a n o n - r e g u l a r ,  n o n - c o n t e x t - f r e e  
l anguage  which is  a c c e p t e d  by a member o f  2DPDA. 
One might  s u s p e c t  t h a t  t h e  n o n - r e g u l a r  l a n g u a g e  migh t  f a l l  
w i t h i n  t h e  n e x t  c l a s s  i n  t h e  Chomsky h i e r a r c h y ;  t h a t  is n o t  c o n t e x t -  
f r e e ,  however,  i l l u s t r a t e s  a problem which o f t e n  a r i s e s  i n  d i a g o n a l  
l a n g u a g e  c o n s t r u c t i o n .  I n t e r m e d i a t e  c l a s s e s  f r e q u e n t l y  e x i s t  be tween  
t h e  c l a s s e s  C and  C '  , where  t h e  c l a s s  C '  c o n t a i n s  t h e  machine a c c e p t i n g  
t h e  d i a g o n a l  l a n g u a g e  o f  C .  I b a r r a  [13] h a s  a l s o  n o t e d  s u c h  "gaps ,"  p a r -  
t i c u l a r l y  when h e  c o n s t r u c t e d  a 2DFA(2h+3) which  was a b l e  t o  a c c e p t  t h e  
d i agona l  language f o r  2DFA(h). An a d d i t i o n a l  h + 1 heads were used t o  
d e t e r m i n e  whe the r  t h e  machine d e s c r i b e d  would e n t e r  a n  i n f i n i t e  l o o p  
when s u b m i t t e d  i t s  d e s c r i p t i o n .  I n d i r e c t  methods were r e q u i r e d  t o  
a c h i e v e  h i s  f i n a l  r e f i n e m e n t ,  2DFA(h) c 2DFA(h+2). 
Given  a d e s c r i p t i o n  a o f  a machine M i n  C ,  d i a g o n a l  a c c e p t o r s  c a n  M 
u s e  a t o  s i m u l a t e  t h e  a c t i o n  o f  M on i n p u t  t a  $. The d i a g o n a l  a c c e p t o r  
M M 
must a l s o  d e t e r m i n e ,  i n  a f i n i t e  number o f  moves, whe the r  t h e  s i m u l a t i o n  
would p roduce  a n  i n f i n i t e  l o o p .  Such a d e t e r m i n a t i o n  seems t o  make t h e  
c o n s t r u c t i o n  o f  a d i a g o n a l  a c c e p t o r  more d i f f i c u l t  t h a n  t h e  c o n s t r u c t i o n  
of  a  s i m u l a t o r  f o r  t h e  mach ines  i n  C ;  f o r  s i m u l a t i o n  a l o n e ,  t h e  recoj;- 
n i t i o n  o f  an  i n f i n i t e  l o o p  i s  u n n e c e s s a r y .  
The d i a g o n a l  a c c e p t o r  o f  C o n l y  s i m u l a t e s  t h e  b e h a v i o r  o f  e a c h  
machine M i n  C f o r  t h e  i n p u t  Ca $. A g e n e r a l  s i m u l a t o r  S must  s i m u l a t e  
M 
t h e  b e h a v i o r  o f  e a c h  machine f o r  a l l  o f  i t s  a l l o w a b l e  i n p u t s .  To e f f e c t  
t h e  s i m u l a t i o n  o f  M f o r  i n p u t  e x $ ,  S w i l l  act  on  i n p u t  Ca E ( x ) $ .  The 
h 
M 
e n c o d i n g  of  x,E(x) ,  is used  i f  C c o n t a i n s  machines  w i t h  a r b i t r a r i l y  l a r g e  
a l p h a b e t s ;  s u c h  is  t h e  case f o r  a l l  a u t o m a t a  c l a s s e s  p r e v i o u s l y  men- 
t i o n e d .  
A s i m u l a t o r  o f  mach ines  i n  C c a n  e a s i l y  be  made i n t o  a machine  U 
which is u n i v e r s a l  o v e r  C: f o r  e a c h  M i n  C and  e a c h  a l l o w a b l e  i n p u t  x  
of M ,  aME(x)  c T(U) i f  and  o n l y  i f  x  c T(M). However, a u n i v e r s a l  ma- 
c h i n e  is n o t  r e q u i r e d  t o  p e r f o r m  s i m u l a t i o n s  i n  o r d e r  t o  d e t e r m i n e  i f  
a E ( x )  E T(U);  U f s  a b i l i t y  t o  d e t e r m i n e  t h i s  makes it u n i v e r s a l  r e g a r d -  
M 
less  o f  how t h e  d e t e r m i n a t i o n  is made. 
F o r  any  class C o f  mach ines  a n  i n t e r e s t i n g  q u e s t i o n  a r i ses .  What 
is t h e  smallest class C '  which c o n t a i n s  a machine u n i v e r s a l  o v e r  C ?  I t  
is  w e l l  known t h a t  C '  = C f o r  TM [12],  and  Rahimi [23]  h a s  shown C '  # C 
f o r  UFA,  lDPDA and 1NPDA. The q u e s t i o n  r e m a i n s  open f o r  C = DLBA and 
C NLBA. However, Rahimi [23]  and Owings and  Feldman [21]  h a v e  e x h i b -  
i t e d  u n i v e r s a l  mach ines  f o r  s u b c l a s s e s  o f  DLBA and NLBA w i t h  r e s t r i c t e d  
a l p h a b e t  s i z e s ;  t h e s e  u n i v e r s a l  mach ines ,  a l t h o u g h  i n  DLBA o r  NLBA, f a l l  
o u t s i d e  t h e  classes o v e r  which  t h e y  are u n i v e r s a l .  M a r t i n  and  Gwynn 
[20] have  c o n s t r u c t e d  a machine  i n  2DPDA u n i v e r s a l  o v e r  1NFA; t h i s  ma- 
c h i n e  is  a s i m p l e  m o d i f i c a t i o n  o f  t h e  c o r r e s p o n d i n g  d i a g o n a l  l a n g u a g e  
a c c e p t o r ,  and most known d i a g o n a l  a c c e p t o r s  can  b e  s i m i l a r l y  modif ied  t o  
produce u n i v e r s a l  machines.  
Summary of R e s u l t s  
I n  Chap te r  I1 we c o n s t r u c t  a  number o f  u n i v e r s a l  machines from 
t h e  c l a s s e s  2DPDA(h), 2NPDA(h), 2DFA(h), 2NFA(h), and 2WPDA. I t  is  o f  
i n t e r e s t  t h a t  a l l  b u t  one  o f  t h e s e  u n i v e r s a l  machines r e q u i r e s  an i n p u t  
encod ing  which depends  on t h e  machine b e i n g  s i m u l a t e d .  
I n  Theorem 1 we c o n s t r u c t  a machine U ,  a  2DPDA, which i s  u n i v e r s a l  
ove r  1NFA. T h i s  c u r r e n t l y  p r o v i d e s  t h e  b e s t  answer t o  t h e  q u e s t i o n  of 
what i s  t h e  s m a l l e s t  class C which c o n t a i n s  a machine u n i v e r s a l  o v e r  
1NFA. Rahimi [23] e x p r e s s e d  i n t e r e s t  i n  t h i s  q u e s t i o n  a f t e r  he  proved 
t h a t  lNPDA (and c o n s e q u e n t l y ,  1NFA) c o u l d  n o t  be  C ;  any s u c h  c l a s s  C 
would c o n t a i n  a member which a c c e p t s  a  non-con tex t - f r ee  l anguage .  
Rahimi was pe rhaps  i n t e r e s t e d  i n  c l a s s e s  C such  t h a t  lNPDA c C ;  i f ,  i n  
a d d i t i o n ,  C c N L B A  t h a n  lNPDA c C c NLBA. C would t h e n  b e  a c l a s s  of  ac -  
c e p t o r s  whose c o r r e s p o n d i n g  l anguages  l i e  p r o p e r l y  between CFL and CSL. 
U n f o r t u n a t e l y ,  a l t h o u g h  2DPDA c - DLBA c - NLBA, it is  s t i l l  open whether  
lNPDA c 2DPDA o r  2DPDA c NLBA. - 
If U were u n i v e r s a l  o v e r  lNPDA, t h i s  f a c t  would n o t  a l o n e  imply 
t h a t  2DPDA a c c e p t s  a  l anguage  a c c e p t e d  by n o  member o f  1NPDA; however,  
Rahimi ' s  r e s u l t ,  coupled w i t h  t h e  f a c t  t h a t  U i s  o n l y  u n i v e r s a l  o v e r  
lNFA, a  p r o p e r  s u b c l a s s  o f  lNPDA, i s  s u f f i c i e n t  t o  show t h a t  T(U) i s  such  
a  l anguage .  T h i s  s i t u a t i o n  is  somewhat unique  among au tomata  h i e r a r c h i e s  
and seems worthy o f  n o t e .  
We n e x t  c o n s t r u c t  a  d i a g o n a l  language L f o r  lNFA, and i n  Theorem 
4 
2 show t h a t  a s l i g h t  m o d i f i c a t i o n  o f  U w i l l  p roduce  a  machine D E 2DPDA 
s u c h  t h a t  T(D) = L4. S i n c e  any member o f  lNFA a c c e p t s  o r  r e j e c t s  a  
s t r i n g  i n  no  more t h a n  n  moves, it is  n o t  s u r p r i s i n g  t h a t  U forms t h e  
b a s i s  o f  a d i a g o n a l  a c c e p t o r  of 1NFA. 
I n  Theorem 3 we show t h a t  L  is  n o t  c o n t e x t - f r e e .  I t  is  o f  n o t e  
4  
r. 
t h a t  R a h i m i ' s  r e s u l t  i s  n o t  u s e f u l  i n  showing t h a t  t h e  n o n - r e g u l a r  
l a n g u a g e  L i s  n o t  c o n t e x t - f r e e .  T h i s  d i a g o n a l  l a n g u a g e  f a l l s  o u t s i d e  
4  
t h e  n e x t  Chomsky c l a s s .  Knuth and B ige low ' s  d i a g o n a l  l a n g u a g e  f o r  NLBA 
f e l l  p r o p e r l y  w i t h i n  t h e  n e x t  Chomsky c l a s s ,  REL; t h e i r  n o n - c o n t e x t -  
s e n s i t i v e  l a n g u a g e  was a c c e p t e d  by a member 2NSA c TM. - 
We show, i n  Theorems 4  and 5 ,  t h a t  f o r  each  h  2 1, e a c h  of  t h e  
c l a s s e s  2DPDA(h) and  2NPDA(h) c o n t a i n s  a u n i v e r s a l  member. These  r e -  
s u l t s ,  w h i l e  d e f i n i t i v e  c o n c e r n i n g  u n i v e r s a l  machine membership,  s h e d  n o  
l i g h t  on d i a g o n a l  l a n g u a g e  a c c e p t o r s .  S i n c e  no  c l a s s  can  c o n t a i n  a  
member which a c c e p t s  i t s  own d i a g o n a l  l a n g u a g e ,  t h e  u n i v e r s a l  machines  
c o n s t r u c t e d  c l e a r l y  canno t  b e  m o d i f i e d  t o  a c c e p t  d i a g o n a l  l a n g u a g e s  
f o r  t h e i r  own c l a s s e s .  
I n  C o r o l l a r y  4 . 1  we show t h a t  f o r  e a c h  h  r 1, 2DPDA(h) c o n t a i n s  a 
member u n i v e r s a l  o v e r  2DFA(h); C o r o l l a r y  5 . 1  p r o v i d e s  a n  a n a l o g o u s  r e -  
s u l t  f o r  2NPDA(h) and  2NFA(h). It is s t i l l  n o t  a p p a r e n t  how t o  modify 
t h e s e  u n i v e r s a l  machines  t o  a c c e p t  a d i a g o n a l  l a n g u a g e  f o r  2DFA(h) o r  
2NFA(h); t h u s ,  t h e s e  r e s u l t s  f a l l  s h o r t  o f  s e t t l i n g  w h e t h e r  2DFA(h) c 
2DPDA(h) o r  2NFA(h) c 2NPDA(h). However, t h e  e x i s t e n c e  o f  t h e s e  machines  
makes 2DPDA(h) a c a n d i d a t e  f o r  t h e  smallest c l a s s  c o n t a i n i n g  a member 
u n i v e r s a l  o v e r  2DFA(h) a n d ,  c o r r e s p o n d i n g l y ,  2NPDA(h) o v e r  2NFA(h). 
I n  Theorem 6 w e  show, f o r  e a c h  h 2 2 ,  t h a t  2DPDA(h-1) c o n t a i n s  a 
member u n i v e r s a l  o v e r  lDFA(h) and  2NPDA(h-1) c o n t a i n s  a member u n i v e r s a l  
o v e r  ~ N F A ( ~ ) .  These  r e s u l t s  are based  on t h e  f a c t  t h a t  f o r  any  member. 
of  lDFA(h) t h e r e  is  a n  e q u i v a l e n t  member o f  2DPDA(h-l), and c o r r e s p o n d -  
i n g l y ,  f o r  any  member of lNFA(h) a n  e q u i v a l e n t  member o f  2NPDA(h-1). - 
These machines  w i t h  h -1  heads  u s e  h-2 one-way h e a d s  and o n e  two-way 
head .  I t  is  s t i l l  n o t  known whe the r  e i t h e r  class of s u c h  machines  is 
less p o w e r f u l  t h a n  t h e  c o r r e s p o n d i n g  u n r e s t r i c t e d  c l a s s  w i t h  h -1  two- 
way h e a d s ;  w i t h  t h i s  q u e s t i o n  s t i l l  u n s e t t l e d ,  2DPDA(h-1) becomes a 
c a n d i d a t e  f o r  t h e  smallest c l a s s  c o n t a i n i n g  a member u n i v e r s a l  o v e r  
lDFA(h),  and ,  c o r r e s p o n d i n g l y ,  2NPDA(h-1) f o r  lNFA(h).  
Theorem 6 can  now b e  used  t o  p rove  Theoreri 7 :  f o r  h 2 2 ,  
lDFA(h) c 2DPDA(h) and  lNFA(h) c 2NPDA(h). These  r e s u l t s  f o l l o w  f rom 
Lemma 8 ,  which s t a t e s  t h a t  2DPDA(h-1) c a n n o t  c o n t a i n  a member u n i v e r s a l  
o v e r  2DPDA(h ) , and c o r r e s p o n d i n g l y ,  2NPDA(h-1) n o t  o v e r  2NPDA( h )  . Here 
t h e  u n i v e r s a l  machines  a l s o  p r o v e  u s e f u l  i n  s t r u c t u r i n g  a u t o m a t a  
classes. 
I b a r r a  [13 ]  h a s  e x h i b i t e d  a member M o f  2DFA(ht2) ,  M u n i v e r s a l  
o v e r  2DFA(h); a l t h o u g h  he  d i d  n o t  e x p l i c i t l y  d o  s o ,  h i s  c o n s t r u c t i o n  
c o u l d  be used  t o  c o n s t r u c t  a member M v  o f  2NFA(ht2), M v  u n i v e r s a l  o v e r  
2NFA ( h ) .  I n  Theorems 8 and 9 w e  improve upon I b a r r a v s  r e s u l t  by 
e x h i b i t i n g  members o f  2DFA(htl)  and  2NFA(htl)  u n i v e r s a l  o v e r  ~ D F A ( ~ )  and  
2NFA(h), r e s p e c t i v e l y .  Again ,  however,  t h e s e  r e s u l t s  p r o v i d e  no  c l u e  as 
t o  w h e t h e r  t h e  h-head machines  are less p o w e r f u l  t h a n  t h e  c o r r e s p o n d i n g  
h t 1 head machines .  
Theorem 8 a l s o  makes 2 D ~ ~ ( h + l )  a c a n d i d a t e  f o r  t h e  s m a l l e s t  class 
c o n t a i n i n g  a member u n i v e r s a l  o v e r  2DFA(h); C o r o l l a r y  4 . 1  made 2DPDA(h) 
such  a c a n d i d a t e .  I t  is  s t i l l  open whe the r  2DFA(h+l) and 2DPDA(h) a r e .  
comparable .  R e s u l t s  from Theorem 9  and  C o r o l l a r y  5 . 1  make 2NFA(h+l) 
and  ~ N P D A ( ~ )  c a n d i d a t e s  f o r  t h e  s m a l l e s t  c l a s s  w i t h  r e s p e c t  t o  2NFA(h); 
C 
t h e  q u e s t i o n  o f  i n c o m p a r a b i l i t y  i s  a l s o  open f o r  t h e s e  c l a s s e s .  
00 00 
Cook [ 5 J  showed t h a t  u ~ D P D A ( ~ )  = u ~ N P D A ( ~ )  c 2WPDA; i n  
h = l  h = l  
Theorem 1 0  we e x h i b i t  a d e t e r m i n i s t i c  U E 2WPDA, U u n i v e r s a l  o v e r  
2DPDA(h) f o r  a l l  h. U is c l e a r l y  u n i v e r s a l  o v e r  2NPDA(h) f o r  a l l  h ,  a n d ,  
moreover ,  Lemma 8 shows t h a t  T(U) c a n n o t  b e  a c c e p t e d  by any member o f  
00 
2NPDA(h) f o r  any  h .  Cook showed u 2DPDA(h) c 2WPDA by i n d i r e c t  
h = l  
methods;  we have  e x h i b i t e d  d i r e c t l y ,  t h r o u g h  u n i v e r s a l  mach ines ,  a 
l anguage  which Cook p roved  must e x i s t .  Such a l a n g u a g e  had n o t  p r e v i -  
o u s l y  been  e x h i b i t e d  d i r e c t l y .  Al though Mager [19]  h a s  shown t h a t  f o r  
any member of 2WPDA t h e r e  e x i s t s  a n  e q u i v a l e n t  member which h a l t s  f o r  
a l l  i n p u t ,  s u c h  a member e q u i v a l e n t  t o  U w i l l  n o t  t r i v i a l l y  form t h e  
00 
b a s i s  o f  a d i a g o n a l  l anguage  a c c e p t o r  f o r  u 2DPDA(h). The v a r i a b l e  
h = l  
i n p u t  e n c o d i n g  c a u s e s  d i f f i c u l t i e s  i n  o b t a i n i n g  a c o n t r a d i c t i o n  when a 
d i a g o n a l  c o n s t r u c t i o n  is a t t e m p t e d .  
A t r i v i a l  r e f i n e m e n t  o f  e a c h  o f  t h e  above  r e s u l t s  i s  p o s s i b l e .  
Fo r  e a c h  u n i v e r s a l  PDA c o n s t r u c t e d ,  we c o u l d  c o n s t r u c t  a n o t h e r  one  
whose s t o r e  a l p h a b e t  c o n s i s t s  o f  o n l y  t h r e e  symbols  and  whose i n p u t  
a l p h a b e t  c o n s i s t s  o f  o n l y  f o u r  symbols .  F o r  e a c h  u n i v e r s a l  FA con- 
s t r u c t e d ,  we c o u l d  c o n s t r u c t  a n o t h e r  one  whose i n p u t  a l p h a b e t  c o n s i s t s  
o f  o n l y  f o u r  symbol s .  
I n  Chap te r  I11 we c o n s i d e r  c e r t a i n  r e s t r i c t e d  s u b c l a s s e s  of t h e  
CFL and show t h a t  members o f  ~ D P D A ( ~ )  a c c e p t  t h e s e  f o r  h 5 3 .  Kameda 
[16] h a s  shown t h a t  2NPDA c - ~ D P D A ( ~ ~ ) .  S i n c e  lNPDA a c c e p t s  t h e  CFL and 
lNPDA c 2NPDA, 2DPDA(13) a c c e p t s ,  among o t h e r  l a n g u a g e s ,  a l l  t h e  CFL. 
I t  is ,  however,  p o s s i b l e  t o  a c c e p t  each  minimal  l i n e a r  l a n g u a g e s  [9 ]  by 
a member o f  2DPDA(2) (Theorem l l ) ,  each  l i n e a r  l anguage  [2 ]  by a member 
o f  2DPDA(2) (Theorem 1 2 ) ,  each  k - l i n e a r  l anguage  [25] by a member o f  
2DPDA(3) (Theorem 1 3 ) ,  and each  m e t a l i n e a r  l anguage  [25]  by a member o f  
~ D P D A ( ~ )  ( C o r o l l a r y  1 3 . 1 ) .  Some o f  t h e  CFL which have been  c o n j e c t u r e d  
n o t  t o  b e  a c c e p t e d  by any member o f  2DPDA f a l l  w i t h i n  t h e  s u b c l a s s e s  
l i s t e d  above.  Al though it remains  open w h e t h e r  t h e s e  l a n g u a g e s  can  b e  
a c c e p t e d  by a member o f  2DPDA, t h e  above r e s u l t s  show t h a t  t h e  a d d i t i o n  
of  one o r  two e x t r a  heads  is  s u f f i c i e n t .  
I t  is known t h a t  minimal  l i n e a r  c l i n e a r ( 1 - l i n e a r )  c 2 - l i n e a r  c 
* * *  k - l i n e a r  c m e t a l i n e a r  [25].  U n i v e r s a l  machines  c a n n o t  b e  d i r e c t l y  
used  t o  p r o v i d e  a s i n g l e  member o f  2DPDA(3) which a c c e p t s ,  i f  p r o v i d e d  a 
d e s c r i p t i o n  o f  t h e  l a n g u a g e ,  any p r o p e r l y  encoded m e t a l i n e a r  l a n g u a g e .  
However, t e c h n i q u e s  used  i n  Theorems 11, 1 2 ,  and  1 3  migh t  p r o v i d e  s u c h  
a n  a c c e p t o r  i n  2DPDA(k) f o r  k = 4 o r  5 i f  n o t  f o r  k = 3 .  We have  n o t  as 
y e t  a t t e m p t e d  s u c h  a c o n s t r u c t i o n  b u t  hope t o  do s o  i n  t h e  n e a r  f u t u r e .  
CHAPTER I1 
UNIVERSAL MACHINES 
Formal D e f i n i t i o n s  
A machine U w i l l  be u n i v e r s a l  o v e r  a class o f  machines C i f  f o r  
.*. 
each  M i n  C t h e r e  e x i s t s  a 
M 
E Z; and  a n  encod ing  f u n c t i o n  E  s u c h  t h a t  M 
.*. 
i f  x  E t h e n  U a c c e p t s  a E ( x )  i f  and o n l y  i f  M a c c e p t s  x .  a is  M M M 
u s u a l l y  a d e s c r i p t i o n  o f  M o r  of  some M t  i n  C s u c h  t h a t  T(M) = T ( M t ) .  
.*. .*. 
A f u n c t i o n  E: 2; -+ L; i s  a n  encod ing  f u n c t i o n  p r o v i d e d  t h e r e  e x i s t s  a 
.*. 
1-1 f u n c t i o n  g: Z M  -+ (xu-{ 11)" s u c h  t h a t  f o r  e a c h  x  E Z and w E L;, M 
~ ( x w )  = g ( x )  lE(w) and E ( x )  = g ( x ) .  Thus E ( s l s 2 . .  .sk) = g ( s l )  l g ( s 2 )  1 * * a  
I g ( s k )  f o r  s i 'M The / is i n s e r t e d  t o  s e p a r a t e  encoded symbols .  
S i n c e  t h e  encod ing  f u n c t i o n s  f o r  d i f f e r e n t  machines  may be  d i f -  
f e r e n t ,  u n r e s t r i c t e d  encod ing  would a l l o w  E ( x )  = 1 i f  M a c c e p t s  x and 
M 
EM(x)  = 0 i f  M r e j e c t s  x.  Our d e f i n i t i o n  r e q u i r e s  t h a t  e a c h  symbol b e  
encoded i n d i v i d u a l l y ,  i ndependen t  o f  i t s  c o n t e x t ,  and t h a t  t h e  o r d e r  o f  
symbols i n  a s t r i n g  be p r e s e r v e d .  These r e s t r i c t i o n s  p r e v e n t  E ( x )  from 
M 
c o n t a i n i n g  any  a d d i t i o n a l  i n f o r m a t i o n  a b o u t  Mts a c c e p t a n c e  o r  r e j e c t i o n  
o f  x .  
A 2DPDA U n i v e r s a l  Over lNFA 
We first d e f i n e  t h e  l anguage  L1 o f  lNFA d e s c r i p t i o n s .  A s t r i n g  x  
o v e r  { q , s , : , ( , ) ]  i s  i n  L  i f  and o n l y  i f  it i s  a f i n i t e  c o n c a t e n a t i o n  o f  
1 
i j  k  i s u b s t r i n g s  o f  t h e  form q  s : q  ) o r  ( q  ) f o r  i , j , k  p o s i t i v e  i n t e g e r s .  A 
k  s u b s t r i n g  q i s j : q  ) r e p r e s e n t s  an  a l l o w e d  t r a n s i t i o n  from s t a t e  i t o  
i 
s t a t e  k when symbol j is under  t h e  r e a d  h e a d ,  w h i l e  ( q  ) i n d i c a t e s  t h a t  
i is  a f i n a l  s t a t e .  
The endmarkers  t and $ a r e  known t o  be  unnecessa ry  f o r  t h e  c l a s s e s  
1NFA and 1DFA; s u c h  automata  w i l l  be c o n s i d e r e d  w i t h o u t  endmarkers  f o r  
t h e  r e m a i n d e r  of  t h i s  t h e s i s .  
LEMMA 1. There e x i s t s  a ZDPDA, M s o  t h a t  T ( M ~ )  = L  
1' 1 
Proof. I n  f a c t ,  L is  a r e g u l a r  l a n g u a g e .  Cons ide r  t h e  r e g u l a r  
1 
grammar G whose l anguage  is L  and whose p r o d u c t i o n s  a r e :  
1 
S+( A s+¶c 
A+¶B c+¶c 
B T B  C+sD 
B+) S D-tsD 
B-t) E-tqB 
D+: E Q.E.D. 
If no t r a n s i t i o n  is  a l l o w e d  f rom s t a t e  i when symbol j i s  b e i n g  
i j  k  r e a d ,  s u b s t r i n g s  o f  t h e  form q s :q  ) may n o t  a p p e a r  i n  a d e s c r i p t i o n  
x  E L  Such a d e s c r i p t i o n  is n o t  comple te ;  we d e f i n e  a l anguage  L  o f  
1' 2 
comple te  d e s c r i p t i o n s .  A d e s c r i p t i o n  x  E L  i f  and o n l y  i f  t h e r e  is a 
2 
i j  k s u b s t r i n g ,  q  s : q  ) ,  i n  x f o r  e a c h  1 5 i 5 n ( q )  and 1 5 j r n ( s )  where 
n ( q )  and n ( s )  a r e  t h e  maximum number o f  c o n s e c u t i v e  q l s  and s l s ,  r e s p e c -  
t i v e l y ,  which a p p e a r  i n  x .  
LEMMA 2 .  The re  e x i s t s  a 2DPDA, M 2 ,  s o  t h a t  T(M2) = L 2 *  
Proof. We d e s c r i b e  t h e  a c t i o n s  o f  M as f o l l o w s .  2  
1. Determine  i f  x  E L  i f  n o t ,  r e j e c t  x .  1; 
2 ,  S e a r c h  x  f o r  n ( s )  and p l a c e  n ( s )  S 1 s  on t h e  s t o r e .  
E r a s e  S  from t h e  s t o r e  f o r  e a c h  s i n  t h e  c u r r e n t  s u b s t r i n g  o f  s ' s  
i n  x .  I f  # is on t h e  s t o r e  w i t h  s under  t h e  r e a d  head ,  o r  i f  : is under  
t h e  r e a d  head w i t h  S  on t h e  s t o r e ,  r e v e r s e  d i r e c t i o n ,  s c a n  t o  t h e  f i r s t  
s o f  t h e  c u r r e n t  s u b s t r i n g  o f  s l s ,  r e v e r s e  a g a i n ,  and add a n  S  t o  t h e  
s t o r e  f o r  e v e r y  s t h u s  e n c o u n t e r e d  u n t i l  s is no l o n g e r  under  t h e  r e a d  
head .  Con t inue  t o  t h e  n e x t  s u b s t r i n g  o f  s t s  i n  x .  The s t o r e  now con- 
n ( s >  t a i n s  #S . 
3. Sea rch  x f o r  n ( q )  and p l a c e  n ( q )  Qts on t h e  s t o r e .  The p ro -  
c e d u r e  i s  s i m i l a r  t o  s t e p  2 ,  e x c e p t  t h a t  S  w i l l  b e  e n c o u n t e r e d  on t h e  
s t o r e  i n s t e a d  o f  #. The s t o r e  now c o n t a i n s  #S n ( s I Q n ( q )  
-j i 
4 .  With S  Q on t h e  s t o r e ,  s e a r c h  x f o r  a s u b s t r i n g  of  t h e  form 
i j 
q  s . The s e a r c h  i s  a g a i n  performed by e r a s i n g  c o r r e s p o n d i n g  s t o r e  sym- 
b o l s  f o r  i n p u t  symbols r e a d .  S t o r e  r e c o n s t r u c t i o n  is  pe r fo rmed  a s  i n  
s t e p  2  f o r  e a c h  non-matching s u b s t r i n g .  A match c a u s e s  s t o r e  r e c o n -  
s t r u c t i o n ,  e r a s u r e  o f  t h e  t o p  Q and a c o n t i n u i n g  s e a r c h  i n  t h e  e v e n t  
t h a t  Q1s  remain  on t h e  s t o r e .  If t h e r e  a r e  no Q1s, t h e n  t h e  t o p  S  i s  
e r a s e d :  i f  any S 1 s  r ema in ,  n ( q )  Q t s  a r e  added t o  t h e  s t o r e  and  s e a r c h  
resumes; i f  no S t s  r ema in ,  x is a comple te  d e s c r i p t i o n  and i s  a c c e p t e d  
by M 2  Q.E.D. 
I t  i s  obv ious  t h a t  t h e  s u b c l a s s  o f  lNFA spanned by L2 s p a n s  t h e  
class 1NFA. S i n c e  lNFA = lDFA, i t  is t r i v i a l  t o  show t h a t  lDFA w i t h  
comple te  d e s c r i p t i o n s  span  1NFA. We t h e r e f o r e  d e f i n e  t h e  l anguage  L  o f  3  
comple te  and minimal d e s c r i p t i o n s  o f  1DFA. If x  E L3, t h e n  f o r  e a c h  
i j 
1 5 i I n ( q )  and 1 I j I n ( s ) ,  t h e r e  i s  e x a c t l y  one  s u b s t r i n g  q  s : i n  
i 
x, moreover ,  i f  1 I i 2 n ( q )  t h e n  t h e  s u b s t r i n g  ( q  ) may n o t  a p p e a r  more 
t h a n  once .  
We have r e q u i r e d  t h a t  L  c o n t a i n  o n l y  d e s c r i p t i o n s  o f  DFA t o  make 
3 
t h e  c o n s t r u c t i o n  o f  U e a s i e r ;  t h e  r e q u i r e m e n t  t h a t  no s u p e r f l u o u s  e l emen t  
a p p e a r  i n  t h e  d e s c r i p t i o n  is l a t e r  u sed  t o  show t h a t  a c e r t a i n  s u b s e t  of  
L3 is  n o t  c o n t e x t - f r e e .  
LEMMA 3 .  The re  e x i s t s  a 2DPDA, M s o  t h a t  T(M3) = L3. 
3 '  
Proof. 
1. M g  m i r r o r s  t h e  a c t i o n s  o f  M e x c e p t  t h a t  when a match f o r  t h e  
2 
j  i 
S Q from t h e  s t o r e  is found ,  r e c o n s t r u c t  t h e  s t o r e ,  a n d  l o o k  f o r  a n o t h e r  
match.  I f  none is  found ,  t h a t  is  i f  $ is  e n c o u n t e r e d ,  t h e n  e r a s e  t h e  
t o p  of t h e  s t o r e  and  p r o c e e d  as M 
2 '  
2. When it is  v e r i f i e d  t h a t  x  d e f i n e s  a c o m p l e t e ,  min ima l  
d e s c r i p t i o n  of  t h e  t r a n s i t i o n s ,  p u t  n ( q )  Qts on t h e  s t o r e  and  s e a r c h ,  i n  
i a manner ana logous  t o  p r e v i o u s  s e a r c h e s ,  f o r  a s u b s t r i n g  ( q  ) ,  where i 
i 
i s  t h e  number o f  Qts on t h e  s t o r e .  I f  t h e r e  i s  n o  s u b s t r i n g  ( q  ) ,  e r a s e  
i-1 
t h e  t o p  Q from t h e  s t o r e  a n d  s e a r c h  w i t h  Q on t h e  s t o r e .  I f  t h e r e  i s  
i i a s u b s t r i n g  ( q  ) when Q is on t h e  s t o r e ,  r e c o n s t r u c t  r h e  s t o r e  a n d  
s e a r c h  f o r  d u p l i c a t i o n .  I f  n o  d u p l i c a t e  i s  found ,  c o n t i n a e  as i f  no  
s u b s t r i n g  (q i )  were  found .  When t h e  las t  Q i s  e r a s e d ,  x  i s  a c c e p t e d .  
Q.E.D. 
We a r e  now r e a d y  t o  c o n s t r u c t  a 2DPDA, U ,  u n i v e r s a l  o v e r  1NFA. U 
w i l l  b e  u n i v e r s a l  i n  t h e  f o l l o w i n g  s e n s e .  I f  M E lNFA and x  i s  t o  be  
s u b m i t t e d  t o  M ,  we w i l l  c h o o s e  a s t r i n g  y  i n  L d e s c r i b i n g  M t  E 1DFA 3 
s u c h  t h a t  T(MV) = T(M). We now s u b m i t  yE(x )  t o  U ,  where E ( x )  i s  t h e  en-  
c o d i n g  o f  s t r i n g  x .  I f  x = s .s where s is  symbol i t h e n  i l s i 2 * *  i n  i j  j '  
il i 2  i n  
E ( x )  = S  I S  ~ . . . I S  . ( F o r  example ,  i f  x  = s s s s E ( x )  = 
1 4 2 1 '  
s I ssss I ss I S .  U a c c e p t s  y E ( x )  i f  and o n l y  i f  PI a c c e p t s  x .  
THEOREM 1. There  e x i s t s  a 2DPDA, U ,  which i s  u n i v e r s a l  o v e r  t h e  . 
c l a s s  of FA. 
1. U f i r s t  c h e c k s  i t s  i n p u t  and r e j e c t s  u n l e s s  t h e  i n p u t  c o n s i s t s  
of a  s t r i n g  i n  L  ( t h e  d e s c r i p t i o n  o f  M I )  f o l l o w e d  by a n  e n c o d i n g  o f  a 3 
a'. 
s t r i n g  x  E C 
M *  
During t h e  c h e c k ,  U behaves  l i k e  M e x c e p t  t h a t  it 
3 
n ( s >  i n t e r r u p t s  i t s  check o f  t h e  d e s c r i p t i o n  when t h e  s t o r e  c o n t a i n s  #S . 
A t  t h i s  p o i n t ,  U d e t e r m i n e s  i f  what  f o l l o w s  t h e  d e s c r i p t i o n  is  indeed  
t h e  e n c o d i n g  o f  some s t r i n g ,  and  moreover ,  i f  t h e  e n c o d i n g  c o n t a i n s  any  
i 
s u b s t r i n g  o f  t h e  form S  f o r  i > n ( s ) .  Such a s u b s t r i n g  i m p l i e s  t h a t  x  
c o n t a i n s  a symbol n o t  i n  t h e  a l p h a b e t  o f  M 1 .  A f t e r  c h e c k i n g  t h e  encoded 
s t r i n g ,  U resumes  t h e  check  o f  t h e  d e s c r i p t i o n  f o r  memlership  i n  L3. 
2. U n e x t  c o p i e s  ( ~ ( x ) ) ~ ,  t h e  r e v e r s e  o f  E ( x ) ,  o n t o  t h e  s t o r e .  
M 1  is assumed t o  s t a r t  i n  s t a t e  1; a Q is p l a c e d  on t h e  t o p  o f  t h e  
i n  i 2  il 
s t o r e .  I f  x  = s  
i l S i 2 *  
n  > 0, t h e  s t o r e  now contains #S I . . . IS I S  Q i n '  
and  s t e p  3 f o l l o w s .  I f  x  = E ,  t h e  s t o r e  c o n t a i n s  #Q and s t e p  4  f o l l o w s .  
i 
3.  The s t o r e  c o n t a i n s  #. . . 1 S'Q f o r  some i and j  s i g n i f y i n g  t h a t  
M 1  is i n  s t a t e  i w i t h  i ts  r e a d  head  s c a n n i n g  symbol j .  U now s e a r c h e s  f o r  
i j  1 
t h e  s u b s t r i n g  q s : q  ) i n  t h e  d e s c r i p t i o n .  The s e a r c h  is pe r fo rmed  as 
i n  s t e p  4  o f  Lemma 2  u n t i l  t h e  match i s  found.  I f  I is  now t h e  t o p  sym- 
I 
b o l  on t h e  s t o r e ,  U e r a s e s  t h e  1 ,  p l a c e s  Q on t h e  s t o r e  and  p e r f o r m s  
a n o t h e r  s e a r c h  f o r  t h e  ma tch ing  t r a n s i t i o n .  Each match d e s t r o y s  one  
encoded symbol on t h e  s t o r e .  When # i s  t h e  t o p  symbol a f t e r  a match ,  
t h e  i n p u t  h a s  been  c o m p l e t e l y  s c a n n e d ;  U t h e n  p l a c e s  Q1 on t h e  s t o r e  and 
s t e p  4  f o l l o w s .  
i 
4 .  The s t o r e  now c o n t a i n s  ##Q f o r  some i; U s e a r c h e s  t h e  de -  
s c r i p t i o n  f o r  t h e  s u b s t r i n g  ( q l ) .  If a match i s  f o u n d ,  s t a t e  q .  i s  
1 
f i n a l  and U a c c e p t s ;  o t h e r w i s e  U r e j e c t s .  Q.E.D. 
A 2DPDA Which Accep t s  a Diagona l  Language f o r  lNFA 
A s l i g h t  m o d i f i c a t i o n  of  U a l l o w s  u s  t o  c o n s t r u c t  a 2DPDA,D, 
which a c c e p t s  a d i a g o n a l  l a n g u a g e  f o r  1NFA. 
L e t  L4 {x lxcL3 ,  x d e s c r i b e s  M ,  x a T ( ~ ) } .  
THEOREM 2.  There  e x i s t s  a 2DPDA,D, which a c c e p t s  L4. 
Proof. We f irst  a d o p t  a c o n v e n t i o n  c o n c e r n i n g  t h e  f i v e  symbols  
i n  t h e  a l p h a b e t  of  L4: q , s , : , (  and  ) w i l l  b e  i n t e r p r e t e d  as s s s 1' 2 '  3 '  
s and s r e s p e c t i v e l y .  I t  i s  now mean ingfu l  t o  s u b m i t  a d e s c r i p t i o n  
4  5 '  
x o f  M t o  M .  
1. D f i rs t  c h e c k s  x and  r e j e c t s  i f  x  4 L  3' 
5  
2 .  D n e x t  s e a r c h e s  f o r  a s u b s t r i n g  q s  : i n  x .  The a b s e n c e  o f  
s u c h  a s u b s t r i n g  i m p l i e s  t h a t  t h e  a l p h a b e t  of M c o n t a i n s  less t h a n  f i v e  
symbols ;  s i n c e  ) is i n t e r p r e t e d  as s and x  must c o n t a i n  a t  leas t  one  5  
5 
o c c u r p e n c e  o f  ) ,  x  4 T(M). I f  q s  is  a b s e n t ,  D a c c e p t s ;  o t h e r w i s e ,  s t e p  
3  f o l l o w s .  
3 .  D now p l a c e s  a n  e n c o d i n g  o f  xR on t h e  s t o r e .  The symbols  
q , s , : , (  and ) a r e  encoded ,  S ,  SS, SSS, SSSS, and SSSSS, r e s p e c t i v e l y ;  
encoded symbols  a r e  s e p a r a t e d  by I on t h e  s t o r e .  For example ,  i f  
5 4  5 3  2 x = q s : q )  . . .  ( q )  t h e  s t o r e  c o n t d i n s  #S I S I S  I . . .  I S  I S I S  I S  I S .  
4 .  A Q is p laced  on t h e  s t o r e  and D performs S t e p  3 ,  Theorem 1, 
1 l i k e  U ;  t h i s  s i m u l a t e s  t h e  moves o f  M u n t i l  t h e  s t o r e  c o n t a i n s  o n l y  #Q 
f o r  some i. 
i 5 .  D now s e a r c h e s  x f o r  t h e  s b u s t r i n g  ( q  ) .  I f  p r e s e n t ,  D 
r e j e c t s  s i n c e  M a c c e p t s  x ;  i f  a b s e n t ,  D a c c e p t s  s i n c e  M r e j e c t s  x .  
Q.E.D. 
THEOREM 3 .  L is  n o t  a  Context-Free  Language. 
4  
Proof. I f  L 4  is Contex t -Free ,  t h e n  t h e r e  e x i s t  i n t e g e r s  n ,  
m s o  t h a t  e v e r y  z  E L wi th  l e n g t h  ( z )  > n  can b e  decomposed i n t o  a  4  
s t r i n g  uvwxy, w i t h  vx # E ,  l e n g t h  (vwx) < m ,  and a l l  s t r i n g s  of t h e  form 
k  k  
uv wx y a r e  i n  L f o r  each  k  r 1 [3] .  
4  
Le t  z  E L4 be a  s t r i n g  such t h a t  l e n g t h  ( z ) > n .  Such a  s t r i n g  
e x i s t s  s i n c e  L c o n t a i n s  s t r i n g s  o f  a r b i t r a r y  l e n g t h  d e s c r i b i n g  DFA w i t h  
3 
no f i n a l  s t a t e s ;  each such  s t r i n g  is i n  L There e x i s t  s t r i n g s  u,v,w, 4 '  
k  k  
x ,y  s u c h  t h a t  z = uvwxy, vx f E ,  and i f  k  1 l t h e n  z  uv w x y  E L k  4 '  
The c o n t e n t i o n  is t h a t  o n l y  v  = x = E can have t h i s  p r o p e r t y .  We show 
t h a t  t h i s  is t r u e  by t h e  p r o c e s s  o f  e l i m i n a t i o n .  
The n e s t e d  s e t s  L4 c L 3  c L 2  c L1 were c a r e f u l l y  c o n s t r u c t e d  t o  
f a c i l i t a t e  t h i s  p r o o f .  R e p e t i t i o n  o f  any s u b s t r i n g  w i l l  c a u s e  a t  l e a s t  
one o f  t h e  f o l l o w i n g :  a )  an  i l l e g a l  s u b s t r i n g  i n  z2;  b )  a r e p e t i t i o n  o f  
a s t a t e  t r a n s i t i o n  o r  f i n a l  s t a t e  d e s c r i p t i o n  i n  z  2  o r  z3;  c )  a d e s c r i p -  
t i o n  w i t h  n ( q )  o r  n ( s )  i n c r e a s e d ,  i n  which c a s e  an  incomple te  d e s c r i p -  
t i o n  r e s u l t s .  
Case I .  x b e g i n s  w i t h  q .  
i a .  x = q  f o r  some i 2 1. z  a L2 i f  k  > n ( q ) .  
k  
i b .  x # q  f o r  any  i 2  1. z 2  t L 1 o r  z3 4 L3. 
Case 2. x  b e g i n s  w i t h  s .  
i a .  x - s  f o r s o m e i 2 1 .  z  t L 2 i f k  > n ( s ) .  
k  
i b .  x  # s f o r  any  i 2 1. z 2  t L1 o r  z a L3. 
3  
Case 3. x b e g i n s  w i t h  : . z 2  4 L1 o r  z 2  L3. 
Case 4. x  b e g i n s  w i t h  ( .  z 2  4 L1 o r  z 2  4 L3. 
Case 5. x b e g i n s  w i t h  ) . z 2  4 L 1 o r  z  t L 3 .  3  
The argument  f o r  v is  i d e n t i c a l ;  t h u s  v = x  = E .  Q.E.D. 
U n i v e r s a l  2DPDA(h) and  2NPDA(h) 
I n  Theorem 4  we show t h a t ,  f o r  e a c h  h  2 1, 2DPDA(h) c o n t a i n s  a 
member U which is u n i v e r s a l  o v e r  t h e  class. Lemmas 4 ,  5 ,  and  6 show 
t h a t  a machine u n i v e r s a l  o v e r  2DPDA(h) need  o n l y  b e  u n i v e r s a l  o v e r  R ( h ) ,  
t h e  r e s t r i c t e d  s u b c l a s s  of members w i t h  th ree - symbol  s t o r e  arid f o u r -  
symbol i n p u t  a l p h a b e t s ;  t h e  p r o o f  o f  Theorem 4 t a k e s  a d v a n t a g e  o f  t h i s  
f ac t .  
LEMMA 4. L e t  h  2 1. For  e a c h  M E ~ D P D A ( ~ )  t h e r e  e x i s t s  a n  
e q u i v a l e n t  machine M 1  E 2DPDA(h) w i t h  rM1 = {# ,z , I  1. 
Proof. I f  II' I 2 3  t h e n  t h e  r e s u l t  is  t r i v i a l .  Assume t h a t  I' = 
M M 
{z .  l05i<k};  t h e  bo t tom o f  M 1 s  s t o r e  i s  ZO. For  e a c h  1 5 i 5 k  a s s i g n  
1 
i 
t h e  codeword I Z t o  Z a s s i g n  # t o  Z O .  M c a n  e a s i l y  be  m o d i f i e d  s o  i' 
t h a t  i t  c o d e s  symbols  o f  I' i n t o  {#,  Z ,  I }  when i t  w r i t e s  on  t h e  s t o r e  and  
M 
decodes  them when i t  r e a d s  from t h e  s t o r e .  There is  a s p e c i a l  symbol 
f o r  ZO s o  t h a t  t h e r e  w i l l  be  no p o s s i b i l i t y  o f  M '  emptying i t s  s t o r e  
w h i l e  decod ing  a symbol. The d e t a i l s  of t h e  p roof  a r e  o m i t t e d ;  r e s u l t s  
s u c h  as t h i s  a r e  w e l l  known f o r  s imilar  d e v i c e s  [12,19].  Q.E.D. 
Lemma 4 shows t h a t  t h e  s u b c l a s s  o f  machines w i t h  a th ree - symbol  
s t o r e  a l p h a b e t  s p a n s  t h e  c l a s s  2DPDA(h). Such a s t r o n g  r e s u l t  is  n o t  
a v a i l a b l e  f o r  t h e  s u b c l a s s  o f  machines w i t h  a four-symbol i n p u t  a l p h a b e t .  
We show i n  Lemma 5 ,  however, t h a t  t h i s  s u b c l a s s  s p a n s ,  w i t h i n  a n  i n p u t  
encod ing ,  a l l  of 2DPDA(h). T h i s  c l o s e l y  p a r a l l e l s  t e c h n i q u e s  used t o  
c o n s t r u c t  u n i v e r s a l  TM [12,141. We d e f i n e  t h e  i n p u t  encod ing  f u n c t i o n  
I as f o l l o w s .  Given any s t r i n g  x = Cs. s ... s $, where s is  syrnbol 
1 i 
1 2  
i i n j 
LEMMA 5. Le t  h 2 1. For  each  M E 2DPDA(h) t h e r e  e x i s t s  
M '  E 2DPDA(h) w i t h  E M ,  = { C ' , $ ' , S , I }  such  t h a t  M a c c e p t s  x if and o n l y  
i f  M '  a c c e p t s  I ( x ) .  
P~oof. S i n c e  each  machine i n  2DPDA(h) h a s  a f i n i t e  i n p u t  a l p h a -  
b e t ,  M 1  c a n  e a s i l y  decode symbols b e f o r e  making any move. S i n c e  C 1  and 
$ '  a r e  n o t  encoded,  t h e r e  is  no p o s s i b i l i t y  t h a t  M '  w i l l  l e a v e  i t s  i n p u t  
w h i l e  decod ing  t h e  symbols.  Q.E.D. 
LEMMA 6 .  Le t  h 1 1. I f  U is a machine which is  u n i v e r s a l  o v e r  
R ( h ) ,  t h e n  U is u n i v e r s a l  o v e r  2DPDA(h). 
Proof. I f  x is t o  b e  s u b m i t t e d  t o  M E 2DPDA(h), we f irst  a p p l y  
Lemma 4 and o b t a i n  a n  e q u i v a l e n t  machine M '  w i t h  a th ree - symbol  s t o r e  
a l p h a b e t .  We n e x t  a p p l y  Lemma 5 and o b t a i n  a machine M" w i t h  a  f o u r -  
symbol s t o r e  a l p h a b e t  such  t h a t  x  E T(Mt)  i f  and o n l y  i f  I ( x )  E T(M1'). 
The s t r i n g  aMIIEMl,  ( I ( x ) )  is now s u b m i t t e d  t o  U. U a c c e p t s  aMI1EEII1 ( ( x ) )  
i f  and o n l y  i f  M" a c c e p t s  I ( x )  which o c c u r s  i f  and o n l y  i f  x  E T(M1) = 
T(M). S i n c e  t h e  compos i t e  f u n c t i o n  E ( I )  i s  a n  encod ing  f u n c t i o n ,  U is  
M" 
u n i v e r s a l  o v e r  a l l  o f  2DPDA(h). Q.E.D. 
We now d e f i n e  t h e  l a n g u a g e ,  L , o f  R ( k )  d e s c r i p t i o n s .  A s t r i n g  
l k  
x o v e r  { q , C ' , S 1 , z , s ,  , # , : , ( , ) , + , O , - 1  i s  i n  L i f  and o n l y  i f  i t  is  a 
l k  
f i n i t e  c o n c a t e n a t i o n  o f  s u b s t r i n g s  o f  one o f  t h e  f o l l o w i n g  t y p e s .  
Here h .  E {+,O,-1,  1 5 i 5 k ,  Z , Z  E { # , z , ~ I ,  Si E { c ' , s ' , s , I I ,  
1 1 2  
1 5 i 2 k ,  and  j , j l  p o s i t i v e  i n t e g e r s .  
Type 1, 2 ,  a n d  3 s u b s t r i n g s  r e p r e s e n t  a n  a l l o w e d  t r a n s i t i o n  from 
s t a t e  j t o  s t a t e  j '  when symbols  s1,s2, ..., sk a r e  scanned  by heads  1 , 2 ,  
..., k ,  r e s p e c t i v e l y ,  and  symbol Z1 i s  on t o p  o f  t h e  s t o r e .  A f t e r  app ro -  
p r i a t e  s t o r e  a c t i o n ,  i . e .  a d d i n g  symbol Z2 t o  t h e  s t o r e  i n  t y p e  1, l e a v -  
i n g  t h e  s t o r e  unchanged i n  t y p e  2 ,  o r  e r a s i n g  symbol Z1 i n  t y p e  3 ,  head  p  
is moved i n  t h e  d i r e c t i o n  i n d i c a t e d  by  h  f o r  1 5 p  r k .  A t y p e  4 sub-  
P  
s t r i n g  i n d i c a t e s  t h a t  s t a t e  i is a f i n a l  s t a t e .  L  is  c l e a r l y  r e g u l a r  
l k  - 
f o r  e a c h  k  > 1. More t h a n  one s u b s t r i n g  b e g i n n i n g  w i t h  s s . .s Z qJ: 1 2 '  k l  
i n d i c a t e s  p o s s i b l e  nondeterminism i n  t h e  a u t o m a t o n ' s  d e s c r i p t i o n ;  any 
member o f  L c a n  b e  a d e s c r i p t i o n  o f  a d e t e r m i n i s t i c  machine  i f  w e  
l k  
assume t h a t  t h e  l e f t - m o s t  a p p l i c a b l e  s u b s t r i n g  is a l w a y s  c h o s e n .  Addi- 
t i o n a l l y ,  we a g r e e  t h a t  i f  M is d e s c r i b e d  b y  a member o f  L , t h e n  M 
l k  
b e g i n s  i n  s t a t e  1 w i t h  # on  t h e  s t o r e .  
I f  machine  M E R(k)  is t o  be  s i m u l a t e d  and  M h a s  n ( q )  d i f f e r e n t  
s t a t e s ,  t h e n  i n p u t s  t o  M w i l l  b e  encoded by t h e  e n c o d i n g  f u n c t i o n  E  M '  
L e t  gM b e  t h e  1-1 f u n c t i o n  f rom X = { t '  ,$I ,s ,  I }  t o  (XMu{~}) ; :  s u c h  t h a t  
M 
g M ( t )  = tBn(')  f o r  e a c h  t E LEI.  Then f o r  t E E M ,  w t w e  d e f i n e  
E M ( t )  = g M ( t )  and  EM( tw)  = g # ( t ) " ~ ~ ( w ) .  Thus i f  x  = ~ ' s s I s $ '  and  M h a s  
f o u r  s ta tes ,  EM(x)  is C '  Bf3BBfiSBBBB"SBBBBfi I BBBB::SBBBB;;$' B B B B .  
THEOREM 4 .  F o r  e a c h  k  1 1, t h e r e  e x i s t s  U E 2DPDA(k), U u n i v e r s a l  
o v e r  2DPDA( k )  . 
Proof. We w i l l  o n l y  show t h a t  U is u n i v e r s a l  o v e r  R ( k ) .  U must  
f irst check  t h a t  i t s  i n p u t  a E ( x )  is  s y n t a t i c a l l y  c o r r e c t .  Only one  M M 
head  is needed  f o r  t h i s  c h e c k ,  a E L , a r e g u l a r  l a n g u a g e ;  t h i s  p o r t i o n  
'k 
c a n  be e a s i l y  c h e c k e d .  U n e x t  c h e c k s  t h a t  what  f o l l o w s  aM is i n d e e d  t h e  
e n c o d i n g  E of  a s t r i n g  x  = C'ySf  , y E {s, 11"; t h i s  r e q u i r e s  c h e c k i n g  
M 
f o r  t h e  p r o p e r  number o f  6 ' s  f o l l o w i n g  e a c h  symbol  o f  x  and  f o r  p r o p e r  
p l acemen t  o f  t h e  s e p a r a t o r  ;t. U f i n d s  n ( q ) ,  t h e  number o f  s tates o f  M ,  
from t h e  l o n g e s t  s u b s t r i n g  o f  q f s  i n  a and  p u t s  a  u n a r y  c o u n t  o f  t h i s  M 
l e n g t h  on t h e  s t o r e .  The check  f o r  Bfs p r o c e e d s  similar t o  t h e  check  i n  
Lemma 3; o t h e r  a s p e c t s  o f  t h e  s y n t a x  check  are  t r i v i a l .  
The b o t t o m  e l e m e n t  o f  U ' s  s t o r e  is @. U ' s  s t o r e  is  u s e d  t o  re- 
member t h e  s t o r e  o f  M ,  p o s i t i o n  o f  r e a d  head  1 of  M and  M's c u r r e n t  
s t a t e .  I f  U ' s  s t o r e  is 
t h e n  M's s t o r e  c o n t a i n s  #Z Z .Z , head 1 o f  M i s  s c a n n i n g  t h e  mth sym- 1 2 "  p  
b o l  i n  Mfs i n p u t  and M is i n  s t a t e  j .  
Heads 2 t h rough  k  o f  U w i l l  m o n i t o r  t h e  p o s i t i o n  o f  h e a d s  2 
t h r o u g h  k  of  M ,  n o r m a l l y  r e s t i n g  on t h e  symbol o f  I: t h e y  s c a n .  Head 1 M 
of  U w i l l  s e a r c h  a f o r  a l l o w a b l e  moves o f  M .  
M 
Phase  ( i )  ~ n i t i a l i z a t i o n .  I f  k  > 1, U moves heads  2 t h r o u g h  k  t o  
t h e  f i r s t  symbol  i n  E M ( x ) (  C 1  ) ,  # 1 Q  is  added t o  U f s  s t o r e .  U remembers 
i n  i t s  c o n t r o l  t h e  symbol s canned  by e a c h  o f  h e a d ' s  1 t h r o u g h  k  ( a  C' ) 
and t h e  t o p  symbol o f  M's s t o r e  ( a  # 1. S i m u l a t i o n  b e g i n s  as U e n t e r s  
p h a s e  ( i i ) .  
Phase  ( i i )  Search far Move. U u s e s  head 1 t o  s e a r c h  a l e f t - t o -  M 
r i g h t  f o r  a n  a p p l i c a b l e  move. If symbols  s 1 5 j  5 k ,  were  scanned  
j '  
by t h e  k  h e a d s  o f  M ,  r e s p e c t i v e l y ,  and  symbol Z is on M f s  s t o r e ,  U 
P 
must l o c a t e  a s u b s t r i n g  i n  a which b e g i n s  s s . . s  Z M 1 2 '  k  p '  
I f  no s u c h  sub -  
s t r i n g  c a n  b e  found U re jects  t h e  i n p u t  s i n c e  M h a s  no  a l l o w e d  move f rom 
t h i s  c o n f i g u r a t i o n .  I f  s u c h  a s u b s t r i n g  is found ,  U n e x t  c h e c k s  t h a t  
t h e  s t a t e  d e p i c t e d  on t h e  t o p  o f  t h e  s t o r e  matches  t h e  s t a t e  i n  t h e  n e x t  
p o r t i o n  o f  t h e  s u b s t r i n g .  S t o r e  r e c o n s t r u c t i o n  and resumed s e a r c h  must 
f o l l o w  u n s u c c e s s f u l  ma tches .  I f  U c a n  f i n d  a n  a p p l i c a b l e  s u b s t r i n g ,  i t  
e n t e r s  p h a s e  . ( i i i ) ;  o t h e r w i s e ,  U r e j e c t s .  
Phase  ( i i i )  Update Head P o s i t i o n .  When U h a s  found a move f o r  
M ,  U w i l l  have e r a s e d  t h e  Q's from i t s  s t o r e  and  a : w i l l  b e  s canned  by 
head  1. Head 1 is moved one  s q u a r e  t o  t h e  r i g h t  where it now s c a n s  t h e  
move f o r  head 1 o f  M. A t  t h i s  time, t h e  s t o r e  o f  M c o n t a i n s  
U a d d s  a 1, e r a s e s  a 1 o r  d o e s  n o t h i n g  t o  i t s  s t o r e  a c c o r d i n g  t o  
w h e t h e r  t h e  symbol under  head 1 is t, - o r  0 ,  r e s p e c t i v e l y .  I f  t h e  t o p  
o f  U ' s  s t o r e  i s  n o t  a 1 a f t e r  t h i s  m o d i f i c a t i o n ,  t h e n  M h a s  moved head  1 
o f f  of t h e  l e f t  end o f  i ts  i n p u t  and  U h a l t s  i n  a non-accep t ing  s t a te .  
O t h e r w i s e ,  U moves head  1 one  s q u a r e  r i g h t  and  b e g i n s  t o  u p d a t e  t h e  
p o s i t i o n s  o f  head  2 i f  k > 1 o r  e n t e r s  Phase  ( i v )  i f  k = 1. 
I f  head  1 is c u r r e n t l y  s c a n n i n g  a 0 ,  head 2 d o e s  n o t  move. If 
head  1 is s c a n n i n g  a + ,  head 2 moves r i g h t  p a s t  t h e  B's, u n t i l  i t  s c a n s  
a o r  $.  I f  t h i s  symbol is a $, head 2 h a s  moved o f f  t h e  r i g h t  o f  M's 
i n p u t  and  U r e j e c t s .  O t h e r w i s e ,  head  2 moves one  s q u a r e  r i g h t  t o  t h e  
n e x t  symbol o f  M's i n p u t .  I f  head  1 i s  s c a n n i n g  a -, head 2 moves one 
s q u a r e  l e f t .  I f  head  2 i s  now s c a n n i n g  a 2 2 ,  i t  moves l e f t  p a s t  t h e  B's 
t o  t h e  n e x t  CV,S  o r  I it e n c o u n t e r s ;  o t h e r w i s e  head  2 h a s  moved o f f  t h e  
l e f t  o f  M's i n p u t  and U re jec ts .  The u p d a t i n g  o f  head  2 i s  now c o m p l e t e  
and  head  1 moves r i g h t  o n e  s q u a r e .  I f  k > 2 ,  t h e  u p d a t i n g  o f  h e a d s  
3 ,  ..., k p r o c e e d s  i n  t h e  same manner.  When a l l  h e a d s  have  been  u p d a t e d ,  
head  1 o f  U w i l l  b e  s c a n n i n g  t h e  l e f t  end  o f  a s u b s t r i n g  o f  q ' s  which 
d e p i c t  t h e  new s t a t e  o f  M .  Head 1 moves r i g h t  t h r o u g h  t h i s  s u b s t r i n g ,  
a d d i n g  a Q t o  t h e  s t o r e  f o r  e a c h  q  s c a n n e d .  When head 1 is  no  l o n g e r  
s c a n n i n g  a q ,  t h e  new s t a t e  o f  M h a s  been p l a c e d  on t h e  s t o r e  of U .  
Head 1 now r e a d s ,  and c a u s e s  U t o  remember i n  i t s  c o n t r o l ,  t h e  m o d i f i c a -  
t i o n s  which U must make t o  t h e  s t o r e  of M .  
A t  t h i s  t i m e ,  t h e  s t o r e  o f  U c o n t a i n s  
U w i l l  u s e  t h e  c o u n t  m t  t o  p o s i t i o n  head 1 on t h e  p r o p e r  symbol 
o f  M's i n p u t .  Although U knows t h e  m o d i f i c a t i o n s  it must make t o  Mfs 
s t o r e ,  it h a s  n o t  as y e t  made t h e s e  m o d i f i c a t i o n s .  These a d j u s t m e n t s  
a r e  made i n  p h a s e s  ( i v )  and ( v ) .  U now e n t e r s  phase  ( i v ) .  
Phase ( i v )  Get New Symbol for Head I .  Head 1 is moved r i g h t  t o  
t h e  C' i n  E M ( x ) .  For  each  Q on t h e  s t o r e ,  i t  moves one s q u a r e  r i g h t  
( i n t o  t h e  s t r i n g  of 6 ' s )  and e r a s e s  t h e  Q .  When a l l  Q's have  been 
e r a s e d ,  head is  l o c a t e d  j '  6 ' s  from t h e  l a s t  symbol i n  M's i n p u t ;  t h e  
s t o r e  i s  devo id  o f  Q's. The t o p  o f  t h e  s t o r e  i s  e r a s e d ,  and  i f  t h e  new 
t o p  is n o t  a 1, U e n t e r s  phase  ( v ) .  O the rwise ,  head 1 moves l e f t  a d d i n g  
a Q t o  t h e  s t o r e  f o r  each  l e f t  move u n t i l  i t  no l o n g e r  s c a n s  a 6.  The 
j '  Qts have been r e p l a c e d ;  head 1 now moves r i g h t  t o  t h e  f i r s t  S ,  I ;$ o r  
$ ' .  The p r o c e s s  d e s c r i b e d  above f o r  t h e  f i r s t  symbol i n  M's i n p u t  i s  
r e p e a t e d  i f  head 1 is  n o t  s c a n n i n g  $, U e n t e r i n g  phase  ( v )  when a l l  1's 
a r e  e r a s e d  from i t s  s t o r e .  I f  t h e  m '  1 's  a r e  n o t  removed b e f o r e  U 
r e a c h e s  $, t h e n  head 1 o f  M h a s  l e f t  t h e  r i g h t  s i d e  o f  i t s  i n p u t  and  U 
r e j e c t s .  
' I 
Phase  ( v )  Update Store and Replace Count and 8 . When phase  
( v )  i s  e n t e r e d ,  head 1 of U is l o c a t e d  j '  B's from t h e  symbol t o  be 
scanned by head 1 of  M .  The s t o r e  of U c o n t a i n s  
U can now modify M's s t o r e  wi th  t h e  upda te  i n f o r m a t i o n  which i t  
has  remembered i n  t h e  f i n i t e  c o n t r o l .  U adds  a 1 t o  t h e  s t o r e  a s  a 
f i r s t  s t e p  i n  r e p l a c i n g  t h e  m' 1's which d e n o t e  t h e  p o s i t i o n  o f  head 1 
of M .  Head 1 is  now moved l e f t  u n t i l  i t  no l o n g e r  s c a n s  a B ,  add ing  a 
Q t o  t h e  s t o r e  f o r  each l e f t  move. Head 1 o f  U is  now s c a n n i n g  t h e  
symbol t h a t  head 1 of  M i s  scann ing .  Th is  symbol is remembered i n  t h e  
f i n i t e  c o n t r o l .  I f  t h i s  symbol i s  no t  C', t h e  count  used t o  l o c a t e  head 
1 of M h a s  n o t  been r e p l a c e d .  Head 1 is moved l e f t  one s q u a r e  t o  t h e  $:, 
l e f t  u n t i l  it no l o n g e r  s c a n s  a 6 ,  and t h e n  r i g h t  one s q u a r e  ( i n t o  t h e  
s t r i n g  of 6 ' s )  e r a s i n g  a Q from t h e  s t o r e  f o r  each r i g h t  move u n t i l  a  1 
is t h e  s t o p  o f  t h e  s t o r e .  U now adds a 1 t o  t h e  s t o r e  and r e p l a c e s  t h e  
Qfs  as before.  I f  t h i s  symbol is  n o t  t ' ,  U r e p e a t s  t h e  p r o c e s s  d e s c r i b e d  
above; i f  it i s  a t ' ,  t h e  m '  1's have been r e p l a c e d ,  a s  have t h e  j '  Q f s .  
U ' s  s t o r e  c o n t a i n s  
Phase ( v i )  i s  e n t e r e d  now. 
Phase ( v i )  Final State Check. The symbol scanned by head 1 of  M 
is a l r e a d y  i n  t h e  f i n i t e  c o n t r o l .  For k > 1, heads 2 ,  ..., k o f  U a r e  
s c a n n i n g  t h e  symbols scanned  by t h e  c o r r e s p o n d i n g  heads  of  M and a r e  now 
remembered i n  t h e  f i n i t e  c o n t r o l .  I f  e v e r y  head of  M is now s c a n n i n g  
t h e  $ ' ,  U b e g i n s  a  f i n a l  s t a t e  check  u s i n g  head 1 t o  s e a r c h  a a s  i n  
M 
Theorem 2. I f  M i s  i n  a f i n a l  s t a t e ,  U a c c e p t s ;  i f  M is n o t  i n  a f i n a l  
s t a t e  o r  i f  a l l  heads  o f  M were n o t  s c a n n i n g  $ l ,  U moves head 1 l e f t  t o  
t and r e e n t e r s  Phase  ( i i ) .  
B y L e m r n a 6 , t h e p r o o f i s c o m p l e t e .  Q.E.D. 
COROLLARY 4 . 1 .  For  e a c h  h  2 1, t h e r e  e x i s t s  U E 2DPDA(h), U u n i -  
v e r s a l  o v e r  2DFA(h). 
Proof. T h i s  is o b v i o u s  s i n c e  2DFA(h) c - 2DPDA(h). Q.E.D. 
THEOREM 5 .  For e a c h  h  2 1, t h e r e  e x i s t s  U 1  E ~ N P D A ( ~ ) ,  U 1  u n i -  
v e r s a l  o v e r  2NPDA(h). 
Proof. The r e s u l t s  o f  Lemmas 4 ,  5 ,  and 6 a r e  e a s i l y  s e e n  t o  h o l d  
f o r  2NPDA(h). The r e s u l t s  a n a l o g o u s  t o  Lemmas 4  and 5 f o l l o w  from t h e  
observation that a nondeterministic machine decodes store and input 
symbols  d e t e r m i n i s t i c a l l y  and t h e n  s e l e c t s  i t s  move n o n d e t e r m i n i s t i c a l l y ;  
t h e  r e s u l t  ana logous  t o  Lemma 6 r e q u i r e s  no  f u r t h e r  comment. 
U '  s e a r c h e s  a f o r  a n  a p p l i c a b l e  move j u s t  l i k e  U o f  Theorem 4; 
M 
when it f i n d s  a move it n o n d e t e r m i n i s t i c a l l y  d e c i d e s  whe the r  t o  s i m u l a t e  
t h e  move l i k e  U o r  s e a r c h  a t o  t h e  r i g h t  f o r  a n o t h e r  a p p l i c a b l e  move. 
M 
I f  U 1  e l e c t s  t o  s e a r c h  f o r  a n o t h e r  move, head 1 moves l e f t  t h r o u g h  t h e  
q l s ,  r e p l a c i n g  a Q on t h e  s t o r e  f o r  each  q r e a d ,  and  t h e n  moves r i g h t  t o  
c o n t i n u e  t h e  s e a r c h .  Q.E.D. 
COROLLARY 5 .1 .  For each  h 2 1 , t h e r e  e x i s t s  U E 2NPDA(h), U uni -  
v e r s a l  o v e r  2NFA( h )  . 
Proof. T h i s  is  obvious  s i n c e  2NFA(h) c 2 N p ~ A ( h ) .  Q.E.D. - 
LEMMA 7 .  L e t  h 2 2. For each  M E lDFA(h) t h e r e  e x i s t s  M E 
2DPDA(h-1) s u c h  t h a t  T(M) = ~ ( [ i ) .  
Proof. For each  i n p u t  x ,  [i u s e s  head 1 t o  copy xR o n t o  i t s  
s t o r e .  When t h i s  is done,  a l l  o f  i t s  heads  w i l l  be  s c a n n i n g  t .  Heads 1 
th rough  h-1  of h w i l l  co r respond  t o  heads  1 t h r o u g h  h-1 o f  M ,  r e s p e c -  
t i v e l y .  The symbol scanned by head h of M w i l l  be  on t h e  t o p  o f  ?s  
s t o r e .  If head h o f  M moves r i g h t  h e r a s e s  t h e  t o p  symbol on t h e  s t o r e ;  
o t h e r w i s e  M makes no m o d i f i c a t i o n  o f  t h e  s t o r e .  The f i n i t e  c o n t r o l  of  
h w i l l  e x a c t l y  c o r r e s p o n d  t o  M ' s  c o n t r o l  e x c e p t  t h a t  h l o o k s  on i t s  
s t o r e  r a t h e r  t h a n  i n  i t s  i n p u t  f o r  t h e  symbol scanned by head h o f  M .  
Q.E.D. 
THEOREM 6 .  F o r  each h  2 2 ,  there  e x i s t s  U E ~ D P D A ( ~ - ~ )  and 
U '  E 2NPDA(h-l), U u n i v e r s a l  o v e r  lDFA(h) and U '  u n i v e r s a l  o v e r  lNFA(h). 
Proof. The e x i s t e n c e  o f  U f o l l o w s  immedia te ly  from Lemma 7 and 
Theorem 4 .  
I t  is e a s y  t o  s e e  t h a t  t h e  r e s u l t s  o f  Lemma 7 h o l d  f o r  M E lNFA(h) 
and fi E 2NPDA(h-1); M s imply  moves n o n d e t e r m i n i s t i c a l l y  l i k e  M .  The 
e x i s t e n c e  of U '  now f o l l o w s  immedia te ly  from Theorem 5. Q.E.D. 
LEMMA 8.  For  each  h 2 1, 2DPDA(h) canno t  c o n t a i n  a member 
u n i v e r s a l  o v e r  2DPDA(htl) and ~ N P D A ( ~ )  c a n n o t  c o n t a i n  a member u n i v e r s a l  
o v e r  ~ N P D A (  h t l )  . 
Proof. L e t  h 2 1. I b a r r a  El31  h a s  shown t h a t  2DPDA(h) c 
2DPDA(h+l) and 2NPDA(h) c 2NPDA(htl).  L e t  L b e  a l anguage  s u c h  t h a t  
L = T ( M )  f o r  some M E 2DPDA(htl) b u t  L i s  n o t  a c c e p t e d  by any  member o f  
~ D P D A ( ~ ) .  Suppose U E 2DPDA(h) and  U is u n i v e r s a l  o v e r  2DPDA(htl).  
The re  i s  a word a and a n  e n c o d i n g  E s u c h  t h a t  U a c c e p t s  a  E ( x )  i f  and  
M M M M 
o n l y  if M a c c e p t s  x.  From U w e  now show how t o  c o n s t r u c t  a member 
M t  E 2DPDA(h) which a c c e p t s  x i f  and  o n l y  i f  U a c c e p t s  a E ( x ) .  M 1  w i t h  
M M 
i n p u t  ex$ s i m u l a t e s  t h e  a c t i o n  o f  U w i t h  i n p u t  Ca E ( x ) $  as f o l l o w s :  
M M 
1. S t a t e s  o f  M 1  w i l l  b e  used  t o  encode  t h e  s t r i n g  a o f  l e n g t h  p 
M 
and  t h e  p o s i t i o n  o f  e a c h  head  o f  U r e l a t i v e  t o  a i . e .  t o  t h e  l e f t  o f  
M '  
a t o  t h e  r i g h t  o f  a o r  s c a n n i n g  t h e  symbol i n  p o s i t i o n  i o f  a M '  M '  M '  
1 S i 5 p .  Head mot ion  i n  U is  "remembered" t h r o u g h  s ta tes  i n  M t  i n  a n  
o b v i o u s  manner. Head j o f  M 1  i s  p o s i t i o n e d  a t  t h e  C i f  head  j o f  U is  
t o  t h e  l e f t  of o r  i n  a M .  Head j o f  M '  moves r i g h t  i f  head  j o f  U moves 
of f  aM t o  t h e  r i g h t  i n t o  E (x) E ( t  t . . t n )  = gM(tl) I g M ( t 2 )  1 . .  . l g  ( t  ). M M 1 2 '  M n  
2. When head  j o f  M I  moves r i g h t  t o  s c a n  a symbol t # $, states 
of M 1  are used  t o  encode  g ( t )  and  t h e  p o s i t i o n  o f  head  j o f  U ,  i n i -  
M 
t i a l l y  a t  t h e  l e f t  w i t h i n  g ( t ) .  When head  j o f  M I  moves l e f t  t o  s c a n  a 
M 
symbol t # C ,  t h e  e n c o d i n g  is  i d e n t i c a l  b u t  t h e  p o s i t i o n  is i n i t i a l l y  a t  
t h e  r i g h t  o f  g ( t )  . I f  head  j o f  U moves o f f  gM( t )  , it now s c a n s  ( , $, 
M 
o r  t h e  r i g h t - m o s t  symbol of  aM. Head j of M I  c a n  e a s i l y  d e t e r m i n e  which 
case o c c u r s ;  M I  w i l l  move head j a c c o r d i n g l y  u n l e s s  t h e  I must b e  c r e -  
a t e d  i n  t h e  c o n t r o l .  I n  t h i s  case M t  must d e l a y  mot ion  u n t i l  head  j o f  
U moves l e f t  o f f  l g M ( t )  o r  r i g h t  o f  g  ( t ) l .  
M 
F u r t h e r  d e t a i l s  o f  t h e  s i m u l a t i o n  s h o u l d  be o b v i o u s .  
We have  now c o n s t r u c t e d  M 1  E 2DPDA(h) s u c h  t h a t  T(M1) = 
{ X ~ ~ ~ E ~ ( X )  c T U)} = T(M) = L ,  a c o n t r a d i c t i o n .  
The same argument is  v a l i d  f o r  2NPDA(h) and  2NPDA(h+l). Q.E.D. 
THEOREM 7 .  Fo r  e a c h  h  r 1, lDFA(h) c 2DPDA(h) and lNFA(h) c 
2NPDA( h  ) . 
Proof. L e t  h  2 2.  C l e a r l y ,  lDFA(h) c - 2DPDA(h); i f  lDPA(h) = 
2DPDA(h), t h e n  by Theorem 6 t h e r e  e x i s t s  U c 2DPDA(h-1) s u c h  t h a t  U is  
u n i v e r s a l  o v e r  lDFA(h) = 2DPDA(h). T h i s  c o n t r a d i c t s  Lemma 8. An 
a n a l o g o u s  c o n t r a d i c t i o n  arises i f  lNFA(h) = 2NPDA(h). F o r  t h e  case h  = 
1, it i s  a l r e a d y  known [14] t h a t  lDFA = 1NFk c lDPDA c 2DPDA c 2NPDA. 
Q.E.D. 
U n i v e r s a l  2DFA(h) and 2NFA(h) 
I n  Theorem 8 w e  show t h a t ,  f o r  e a c h  h  2 1, 2DFA(h+l) c o n t a i n s  a 
member, U, u n i v e r s a l  o v e r  2 D F A ( h ) .  
We f i r s t  show, i n  Lemma 9 ,  t h a t  U need  o n l y  b e  u n i v e r s a l  o v e r  
R 1 ( h ) ,  t h e  r e s t r i c t e d  subclass o f  2DFA(h) whose members have  i n p u t  a l p h a -  
b e t  {C' ,$' ,S, I } .  R'  ( h )  is a n a l o g o u s  t o  R ( h )  ; t h e  r e s t r i c t e d  s u b c l a s s  o f  
2DPDA(h) whose members have  t h i s  i n p u t  a l p h a b e t  and  a th ree - symbol  s t o r e  
a l p h a b e t .  
LEMMA 9 .  L e t  h  2 1. If U is a machine u n i v e r s a l  o v e r  R 1 ( h ) ,  
t h e n  U is u n i v e r s a l  o v e r  2DFA(h). 
Proof. The p roof  is s i m i l a r  t o  t h e  p r o o f s  o f  Lemmas 5 and 6 and 
u s e s  t h e  same encod ing  I .  L e t  h  1 1. I f  M E ~ D F A ( ~ ) ,  t h e r e  e x i s t s  
M '  E R 1 ( h )  s u c h  t h a t  x  E T(M) i f  and on ly  i f  I ( x )  E T ( M f ) .  The e x i s t e n c e  
o f  M 1  f o l l o w s  when t h e  p roof  o f  Lemma 5 is a p p l i e d  t o  2DFA(h) r a t h e r  t h a n  
2DPDA(h). U a c c e p t s  a E ( ~ ( x ) )  if and o n l y  i f  M I  a c c e p t s  I ( x )  which 
M'  M'  
o c c u r s  i f  and o n l y  i f  M a c c e p t s  x .  S i n c e  E ( I )  is a n  encod ing  f u n c t i o n ,  
M '  
U is u n i v e r s a l  o v e r  a l l  o f  2DFA(h). Q.E.D. 
We b e g i n  by d e s c r i b i n g  t h e  r e g u l a r  l anguage ,  L  , o f  R 1 ( k )  de- 
2k 
s c r i p t i o n s .  A s t r i n g  x  is i n  L  i f  and o n l y  i f  it  is a f i n i t e  con- 
2k 
c a t e n a t i o n  o f  s u b s t r i n g s  o f  one o f  t h e  f o l l o w i n g  t y p e s .  
A t y p e  1 s u b s t r i n g  r e p r e s e n t s  a n  a l lowed  t r a n s i t i o n  from s t a t e  j 
t o  s t a t e  j '  when symbols s1,s2, ..., sk a r e  scanned by heads  1 , 2 ,  ..., k ,  
r e s p e c t i v e l y .  A t y p e  2  s u b s t r i n g  i n d i c a t e s  t h a t  s t a t e  j is  a f i n a l  
s t a t e .  S t r i n g s  i n  L w i l l  d e p i c t  a d e t e r m i n i s t i c  FA i f  it is  a g r e e d  
2k 
t h a t  t h e  l e f t - m o s t  a p p l i c a b l e  move is  t h e  o n l y  v a l i d  one .  Machines de- 
s c r i b e d  by members o f  L  s t a r t  i n  s t a t e  1. The encoding E  d e s c r i b e d  
2k 
M 
f o r  R(k)  c - 2DPDA(k) w i l l  a l s o  b e  used f o r  FA. 
THEOREM 8.  For each  k  2 1, t h e r e  e x i s t s  U E 2DFA(k+l), U u n i -  
v e r s a l  ove r  2DFA(k). 
Proof. We w i l l  o n l y  show t h a t  U is u n i v e r s a l  o v e r  R f ( k ) .  U must 
first v e r i f y  t h a t  i t s  i n p u t ,  y ,  is  o f  t h e  form aMEM(x) .  S i n c e  L is 
2k 
r e g u l a r ,  t h e  first p a r t  of t h e  t a s k  is t r i v i a l .  U n e x t  c h e c k s  t o  s e e  i f  
what fo l lows  a i s  indeed t h e  encoding E of a s t r i n g  x = C ' t S ' ,  M M 
t S ,  1 Only one head is r equ i r ed  t o  v e r i f y  t h a t  each symbol i n  x 
is followed by a s t r i n g  of B's and t h a t  s e p a r a t e s  t h e  encoded symbols; 
however, a second head i s  needed t o  dec ide  whether t h e  proper  number of 
B's fo l lows  each symbol i n  x.  U must determine n ( q )  and compare t h e  
l eng th  of each s t r i n g  of B's t o  n ( q ) .  The u n i v e r s a l  member of  2DPDA(k) 
used i t s  s t o r e  t o  de te rmine ,  r e c o r d ,  and compare n ( q )  with  t h e  s t r i n g s  
of B's. Lacking a s t o r e ,  U w i l l  u se  t h e  p o s i t i o n  o f  head 1 from t h e  C 
i n  p l ace  of a count on t h e  s t o r e .  Le f t  movement corresponds t o  s t o r e  
e r a s u r e ,  right-movement t o  s t o r e  a d d i t i o n ,  scanning C t o  f i n d i n g  # on 
top  of t h e  s t o r e  and head r e p o s i t i o n i n g  t o  s t o r e  r e c o n s t r u c t i o n .  U r e -  
j e c t s  i f  y is  no t  s y n t a c t i c a l l y  c o r r e c t ;  o therwise ,  U e n t e r s  phase ( i ) .  
During s imu la t i on ,  head 1 of U w i l l  moni tor ,  i n  EM(x) ,  t h e  cur-  
r e n t  s t a t e  o f  M a s  we l l  a s  t h e  p o s i t i o n  i n  x of M f s  head l. I f  M is  i n  
s t a t e  j  head 1 of U w i l l  normally s can  t h e  j t h  B t o  t h e  r i g h t  of t h e  
corresponding C ' ,  $ I ,  S ,  o r  I i n  E ( x ) .  Heads 2 through k of U w i l l  
M 
moni tor ,  i n  EM(x) ,  t he  p o s i t i o n s  i n  x o f  !4's heads 2 through k ,  respec-  
t i v e l y .  These heads o f  U w i l l  normally scan  t h e  cor responding  C 1 ,  $ ' ,  
S ,  o r  I i n  EM(x) .  Head k + 1 of U w i l l  s e a r ch  aM f o r  moves of M .  
Phase ( i )  I n i t i u t i z a t i o n .  U starts by moving heads 2 through k 
t o  C 1  and head 1 t o  t h e  f i r s t  B t o  t h e  r i g h t  o f  C 1 .  M i s  now i n  s t a t e  
1. Head k + 1 remains a t  t h e  C .  Phase (ii) is en t e r ed  now. 
Phase ( i i )  Search for Move. Head k + 1 moves r i g h t  t o  t h e  f i r s t  
type  1 s u b s t r i n g .  U compares t h e  number of  q ' s  a t  t h e  beginning of t h e  
s u b s t r i n g  with  p o s i t i o n  o f  head 1 i n  t h e  B1s ( t h e  c u r r e n t  s t a t e  of M ) ;  
t h i s  comparison is  s i m i l a r  t o  t h e  one used above t o  check t h a t  n ( q )  B1s 
fo l lowed  each encoded symbol. Here,  however, , $I , S ,  o r  I r e p l a c e s  C: 
i n  t h e  p o s i t i o n i n g .  Head 1 is  r e p o s i t i o n e d  i n  t h e  B1s f o l l o w i n g  each  
f a i l u r e ,  and phase ( i i )  i s  r e e n t e r e d .  When a  match i s  found head 1 o f  
U is  s c a n n i n g  t h e  C 1 ,  $ I ,  S,  o r  I scanned by head 1 o f  M .  Head k  t 1 
now moves r i g h t  through s s 1 2 * e * S k  i n  t h e  s u b s t r i n g ,  check ing  t h a t  s is i 
b e i n g  scanned by head i, 1 5 i 5 k .  If any head i s  n o t  s c a n n i n g  t h e  
c o r r e c t  symbol,  head 1 is r e p o s i t i o n e d  i n  t h e  B1s and phase ( i i )  i s  r e -  
e n t e r e d .  I f  a t  any t ime  head k  + 1 moves o f f  a t h i s  means t h a t  no ap- M' 
p l i c a b l e  move e x i s t s ;  U t h e n  r e j e c t s .  
When a n  a p p l i c a b l e  s u b s t r i n g  i s  found,  U e n t e r s  phase  ( i i i )  w i t h  
head k  + 1 s c a n n i n g  t h e  : i n  t h e  type  1 s u b s t r i n g  and heads  1 through  k  
s c a n n i n g  t h e i r  r e s p e c t i v e  C 1  , $I , S ,  o r  I . 
Phase ( i i i )  Update. Head k  t 1 moves r i g h t  one s q u a r e  and up- 
d a t e s  t h e  p o s i t i o n  o f  head 1. I f  head k + 1 s c a n s  a t ( - ) ,  head 1 is  
moved r i g h t  ( l e f t )  t o  t h e  nex t  C 1 ,  $ I ,  S ,  o r  I .  I f  such  a symbol c a n n o t  
be found, U r e j e c t s  s i n c e  M has  moved o f f  i t s  i n p u t .  I f  head k  + 1 
s c a n s  a 0 ,  head 1 i s  n o t  moved. 
For i = 2 ,  ..., k ,  head i is  updated i n  t h e  same manner. A f t e r  a l l  k  
heads  have been upda ted ,  U remembers i f  a l l  k  heads  were s c a n n i n g  $ I .  
Head k  + 1 is now scann ing  t h e  l a s t  +, -, o r  0  used i n  u p d a t i n g  head k .  
U must now r e c o r d  t h e  new s t a t e  o f  M by c o r r e c t l y  p o s i t i o n i n g  head 1. U 
moves head k  + 1 r i g h t  i n t o  t h e  q l s ,  moving head 1 r i g h t  one s q u a r e  i n t o  
t h e  6 ' s  f o r  each q  encoun te red .  When head k  + 1 scans  ) ,  head 1 is 
p r o p e r l y  p o s i t i o n e d .  I f  a l l  k  heads  o f  M were scann ing  $ I ,  phase  ( i v )  
is  e n t e r e d ;  o t h e r w i s e ,  phase  ( i i )  is  r e e n t e r e d .  
Phase  ( i v )  Final S tate  Check. Head k  t 1 now s e a r c h e s  a l e f t -  
M 
t o - r i g h t  f o r  a t y p e  2  s u b s t r i n g  whose number o f  q l s  matches  t h e  p o s i t i o n  
o f  head 1 i n  t h e  6 ' s .  Head 1 r e p o s i t i o n i n g  o c c u r s  a f t e r  each  non-match, 
and t h e  s e a r c h  c o n t i n u e s  t o  t h e  r i g h t .  I f  no match is found when head 
k t 1 l e a v e s  aM, t h e  s t a t e  is  n o n - f i n a l  and phase  ( i i )  i s  r e e n t e r e d .  I f  
a match is  found ,  t h e  s t a t e  i s  f i n a l  and U a c c e p t s .  
By Lemma 9 ,  t h e  p roof  i s  comple te .  Q.E.D. 
THEOREM 9 .  For  each  k  2 1, t h e r e  e x i s t s  U '  E 2NFA(kt l ) ,  U 1  u n i -  
v e r s a l  o v e r  2NFA( k )  . 
Proof. U' o p e r a t e s  j u s t  l i k e  U i n  Theorem 8 ,  e x c e p t  t h a t  when a 
move is found,  U '  n o n - d e t e r m i n i s t i c a l l y  d e c i d e s  whe the r  t o  a c c e p t  t h e  
move o r  t o  r e p o s i t i o n  head k t 1 and s e a r c h  r i g h t  f o r  a n o t h e r  move. 
Q.E.D. 
A 2WPDA U n i v e r s a l  Over 2NPDA(h.) For  A l l  h  
I n  Theorem 1 0  we c o n s t r u c t  a member U E 2WPDA, U u n i v e r s a l  o v e r  
03 
t h e  c l a s s  u 2DPDA(k). Lemmas 4 ,  5 and 6 i n d i c a t e  t h a t  t h e  u n i v e r s a l  
k = l  m 
machine needs  o n l y  t o  be u n i v e r s a l  o v e r  u R ( k ) .  A s t r i n g  a E L  w i l l  
k = l  03 3k 
be  a d e s c r i p t i o n  o f  a machine M E R ( k ) .  The l anguage  L  = u is t h e  
m k.1 L3k 
l anguage  o f  d e s c r i p t i o n  f o r  t h e  c l a s s  u R(k ) .  A s t r i n g  is i n  L i f  
k = l  3k 
and o n l y  i f  i t  is  a f i n i t e  c o n c a t e n a t i o n  o f  s u b s t r i n g s  o f  one o f  t h e  
f o l l o w i n g  t y p e s .  
These s u b s t r i n g s  c o r r e s p o n d  e x a c t l y  t o  s u b s t r i n g s  i n  L . t h e  
l k '  
o r d e r  of symbols i n  a s u b s t r i n g  h a s  been s l i g h t l y  changed t o  f a c i l i t a t e  
t h e  proof of Theorem 1 0 .  The encod ing  E is  t h e  same as i n  Theorem 4 
M 
e x c e p t  f o r  t h e  number o f  B1s; t h i s  number is  now k  f o r  M E R ( k ) .  We w i l l  
d e n o t e  t h i s  encod ing  E s i n c e  i t  is  t h e  same f o r  a l l  M E R(k)  . 
k '  
00 
THEOREM 1 0 .  There  e x i s t s  U E 2WPDA, U u n i v e r s a l  o v e r  u 2DPDA(h). 
h = l  
00 
Proof. We w i l l  show t h a t  U is  u n i v e r s a l  o v e r  u R ( h ) .  I n  simu- 
h = l  
l a t i n g  M E R ( k ) ,  U w i l l  o p e r a t e  s i m i l a r l y  t o  U o f  Theorem 4 .  D i f f e r e n c e s  
o c c u r  when u p d a t i n g  t h e  p o s i t i o n s  o f  t h e  heads ;  t h e  w r i t i n g  c a p a c i t y  of  
U w i l l  o n l y  be used  t o  make t h i s  m o d i f i c a t i o n .  A % i n s t e a d  of a B i n  
t h e  i t h  s p a c e  f o l l o w i n g  a n  i n p u t  symbol means t h a t  head i o f  M i s  s c a n -  
n i n g  t h a t  symbol.  The bot tom o f  U ' s  s t o r e  is  @; i f  t h e  s t o r e  o f  U is 
t h e n  M i s  i n  s t a t e  j ,  head i, 1 s i 5 k ,  is s c a n n i n g  S  E { C f , $ f , s , 1  } i 
and t h e  s t o r e  c o n t a i n s  Z Z  .Z Z .  E {Z,l 1, 1 j 5 p .  
1 2" p '  3 
1. U must f i r s t  v e r i f y  t h a t  t h e  i n p u t  s t r i n g ,  y ,  s u b m i t t e d  t o  
it is o f  t h e  form aMEM(x) ,  where a i s  i n  L . S i n c e  d e s c r i p t i o n s  o f  M 
3k 
pushdown au tomata  w i t h  any number o f  heads  c a n  be  s u b m i t t e d  t o  U ,  U must 
f i r s t  s e a r c h  t h e  a  p o r t i o n  o f  y  f o r  a  t y p e  1, t y p e  2 ,  o r  t y p e  3 sub- 
M 
s t r i n g  i n  o r d e r  t o  g e t  a  v a l u e  f o r  k ,  a unary  c o u n t  o f  which is p u t  on- 
t o  t h e  s t o r e  o f  U .  ( I f  t h e r e  a r e  no t y p e  1, 2  o r  3 s u b s t r i n g s  i n  a  
M '  
t h e n  a M  d e s c r i b e s  t h e  n u l l  automaton and y  i s  r e j e c t e d  s i n c e  no s t r i n g s  
a r e  accep ted  by a n u l l  automaton. )  U u s e s  t h e  proposed v a l u e  o f  k  on 
i t s  s t o r e  t o  v e r i f y  t h a t  t h e  p o r t i o n s  S  S  . .S  and h  h  . . h  o f  each  
1 2 '  p  1 2 '  r 
t y p e  1, 2  and 3 s u b s t r i n g  have p  = r = k; s t o r e  r e c o n s t r u c t i o n  f o l l o w s  
each s u c c e s s f u l  t e s t .  Other  d e t a i l s  of t h e  s y n t a x  t e s t  f o r  membership 
i n  L a r e  o m i t t e d .  Next, U v e r i f i e s  t h a t  t h e  remainder  o f  y  is  indeed  
3k 
i n  Ek(x) .  S i n c e  k  l l s  a r e  on t h e  s t o r e ,  t h i s  t e s t  can be  performed as 
i n  Theorem 4 ,  e x c e p t  t h a t  t h e  k  1's r e p l a c e  t h e  n ( q )  1 's .  U r e j e c t s  i f  
y  is n o t  of t h e  p r o p e r  form. 
2. U b e g i n s  s i m u l a t i o n  by e r a s i n g  t h e  k  l l s ,  p l a c i n g  a #Q on t h e  
s t o r e  and w r i t i n g  a % over  each  B i n  t h e  encoded C 1  o f  M ;  a C 1  is added 
t o  t h e  s t o r e  f o r  each  %. 
3 .  S i n c e  k  is a r b i t r a r y ,  U canno t  u s e  t h e  f i n i t e  c o n t r o l  t o  
"rememberl1 t h e  k - t u p l e  o f  i n p u t  symbols under  t h e  k  heads  o f  M .  If t h e  
j s t o r e  of U is @#ZIZ 2 . . . Z p Q  Sk...S1, t h e n  U s e a r c h e s  a  f o r  a s u b s t r i n g  M 
j which b e g i n s  w i t h  sls 2 . . . ~ k q  Zp : .  The s e a r c h  i s  e x a c t l y  l i k e  t h a t  o f  
Theorem 1, r e c o n s t r u c t i o n  f o l l o w i n g  u n s u c c e s s f u l  matches .  I f  t h e r e  is 
no such  s u b s t r i n g  i n  a U r e j e c t s ;  o t h e r w i s e ,  U w i l l  move one s q u a r e  M '  
r i g h t  ( p a s t  t h e  : )  and copy t h e  s t o r e  m o d i f i c a t i o n s  and new s t a t e  o f  M 
o n t o  i ts  s t o r e .  
4. When U e n c o u n t e r s  t h e  head movement p o r t i o n  o f  t h e  s u b s t r i n g ,  
i . e .  hlh 2 . . . h k ,  t h e  head i s  moved r i g h t  t o  t h e  f i rs t  symbol n o t  +, - o r  
0; a 1 is added t o  t h e  s t o r e  w i t h  r i g h t  move. Head 1 t h e n  moves l e f t  
one s p a c e  t o  h  and hk is changed t o  t ' ,  - I  o r  0 '  a c c o r d i n g  t o  whe the r  k '  
h was t ,  -, o r  0 .  The s t o r e  now h a s  k 1's on t o p  o f  i t s  p r e v i o u s  con- k  
t e n t s .  U moves r i g h t  t h r o u g h  E k ( x ) ,  u s i n g  t h e  c o u n t  on t h e  s t o r e  t o  l o -  
c a t e  t h e  encoded symbol w i t h  a  % i n  t h i s  s p a c e .  The s t o r e ,  now empty o f  
l ' s ,  is r e c o n s t r u c t e d  by moving l e f t  t o  t h e  f i r s t  symbol i n  {Cf ,Sf  ,S 11, 
a d d i n g  a 1 t o  t h e  s t o r e  f o r  e a c h  move. The s e a r c h  c o n t i n u e s  u n t i l  t h e  % 
is found ,  a t  which t ime  it is  o v e r w r i t t e n  w i t h  a B .  U now r e s t o r e s  t h e  
c o u n t  t o  t h e  s t o r e .  I n  o r d e r  t o  accompl i sh  c o r r e c t  head movement a t  t h i s  
t i m e ,  t h r e e  d i s t i n c t  s e t s  of s t a t e s  were  used  f o r  t h e  above o p e r a t i o n s  
a c c o r d i n g  t o  w h e t h e r  hk w a s  a t ,  - o r  0 .  I f  hk was t ( - )  t h e  head is 
moved r i g h t  ( l e f t )  t o  t h e  n e x t  symbol i n  {C' , $ I  ,S , I 1 .  I f  hk  was 0 t h e  
head r e m a i n s  s t a t i o n a r y .  A % is now p l a c e d  i n  t h e  k t h  s p a c e  t o  t h e  r i g h t  
of t h i s  symbol;  t h e  s t o r e  is used  t o  l o c a t e  t h i s  s p a c e .  Again ,  t h e  s t o r e  
is devo id  o f  1 's .  The head now moves l e f t  t o  t h e  symbol i t s e l f  and 
c o p i e s  i t  o n t o  t h e  s t o r e .  The upper  p o r t i o n  o f  t h e  s t o r e  is now t h e  new 
symbol b e i n g  s c a n n e d  by head k .  
The head now moves l e f t  t o  t h e  f i r s t  t t ,  - I ,  o r  O t  i t  f i n d s  ( i t  
is t h e  o n l y  o n e ) ,  changes  it back t o  t ,  -, o r  0 ,  r e s p e c t i v e l y ,  and moves 
l e f t  one s p a c e .  If t h e  new symbol i s  t, -, o r  0 ,  U h a s  n o t  y e t  upda ted  
a l l  k h e a d s  and t h e  p r o c e s s  d e s c r i b e d  above  f o r  s i m u l a t i n g  t h e  move of  
head k and c o p y i n g  i t s  scanned  symbol o n t o  t h e  s t o r e  is r e p e a t e d  f o r  head 
k  - i 1 i - 1 .  A f t e r  u p d a t i n g  head 1, t h e  symbol t o  t h e  l e f t  o f  t h e  
t ,  -, o r  0 w i l l  n o t  b e  t ,  -, o r  0 .  
Note t h a t  i f  any o f  t h e  k  heads  l e a v e  x i n  M ,  U w i l l  s e a r c h  
o u t s i d e  of Ek(x)  f o r  a  n o n - e x i s t e n t  symbol, e v e n t u a l l y  l e a v i n g  Cy$ and 
r e j e c t i n g  y .  
5 .  I f  any head o f  M is  n o t  scann ing  i ts  $ I  ( e a s i l y  d e t e c t e d  i f  
any space  i n  t h e  encoded $ '  c o n t a i n s  a 8 )  s t e p  3 is  e n t e r e d .  However, 
i f  a l l  k heads  o f  M a r e  s c a n n i n g  t h e  $I, a l l  $ '  a r e  removed from t h e  
s t o r e  and t h e  c o n f i g u r a t i o n  is  t e s t e d  f o r  f i n a l i t y  and a c c e p t a n c e  o f  y  
as i n  Theorem 4.  A n o n - f i n a l  c o n f i g u r a t i o n ,  however, r e q u i r e s  a n  essen-  
t i a l l y  d i f f e r e n t  method o f  s t o r e  r e c o n s t r u c t i o n  s i n c e  k  is a r b i t r a r y .  U 
moves r i g h t  t o  t h e  f i r s t  % i n  t h e  encoded $ '  and r e p l a c e s  a $I on t h e  
s t o r e  f o r  each % r e a d .  S t e p  3 i s  then  e n t e r e d .  
By Lemma 6 t h e  proof i s  complete .  Q.E.D. 
00 
COROLLARY 1 0 . 1 .  U is a l s o  u n i v e r s a l  o v e r  u 2NPDA(h). 
h = l  
00 a3 
Proof. Since  Cook [ 5 ]  h a s  shown t h a t  u 2DPDA(h) = u 2NPDA(h), 
h = l  h = l  
t h i s  r e s u l t  is  a t r i v i a l  consequence o f  Theorem 1 0 .  
COROLLARY 1 0 . 2 .  T(U) is  n o t  accep ted  by any M E u 2NPDA(h). 
h = l  
Proof. I f  t h e r e  i s  a n  h  2 1 and M E 2NPDA(h) such  t h a t  T(M) = 
00 
T(U), t h e n  M is  u n i v e r s a l  o v e r  u 2NPDA(h) and,  c o n s e q u e n t l y ,  
h = l  
2NPDA(h+l). T h i s  c o n t r a d i c t s  Lemma 8.  Q.E .D.  
CHAPTER I11 
CERTAIN CFL, ~ D P D A ( ~ )  AND 2DPDA(3) 
Nota t ion  
A c o n t e x t - f r e e  grammar G c o n s i s t s  o f  a non- te rmina l  a l p h a b e t  v N' 
a t e r m i n a l  a l p h a b e t  v  a unique s ta r t  symbol S E v and a s e t  o f  pro-  T '  N 
d u c t i o n  r u l e s  P  wi th  a  -+ 6  E P  if and on ly  i f  a  E v  6  E ( v  uv )f:. We 
N "  N T 
w i l l  u se  upper c a s e  l e t t e r s  t o  d e n o t e  e lements  i n  v  lower  c a s e  l e t t e r s  
N '  
f o r  e lements  f o r  v I f  a  + B i s  i n  P, y ,8  E v  ;: t h e n  t h e  s t r i n g  yB6 
T '  T 
can be  d e r i v e d  from ya6 by u s i n g  p roduc t ion  a  -+ B ,  i . e . y a 6  .-;. yB6. I f  
-9. 
a l , a2 ,  'an a r e  i n  ( v  uv )* and a  a  ... - a  ,we w r i t e  a  + a  T N 1 2  n  1 n '  
i . e .  a  is d e r i v e d  from a  We can now d e f i n e  L(G), t h e  language o f  t h e  
n  1' 
.L 
grammar G .  L(G) = {wlwcv $: and S -w}. 
T 
Minimal L i n e a r  Languages and 2DPDA(2) 
A c o n t e x t - f r e e  grammar, G ,  i s  a  minimal l i n e a r  grammar [ 9 ]  pro-  
v ided  v  = {S} and t h e  p r o d u c t i o n  r u l e s  o f  G are of one of the following 
N 
two t y p e s :  
( i )  S -+ aSB 
a,B E (vT-{c1)fi 
( i i )  S + C .  
A minimal l i n e a r  grammar g e n e r a t e s  t e r m i n a l  s t r i n g s  from t h e  ends  
toward t h e  s p e c i a l  symbol c .  We w i l l  show how t o  c o n s t r u c t  a  machine 
M E 2DPDA(2) which u s e s  t h e  two r e a d  heads  t o  p a r s e  c a n d i d a t e  s t r i n g s  i n  
t h e  same way. The s t o r e  o f  M w i l l  be  used t o  keep a r e c o r d  o f  which 
r u l e s  of G have been used i n  t h e  p a r s e .  The i n p u t  a l p h a b e t  o f  M w i l l  be  
v  u { C , $ } ( C , $ ~ v T ) .  I f  x  i s  t o  be  t e s t e d  f o r  membership i n  L(G),  t h e  T 
s t r i n g  Cx$ w i l l  be  s u b m i t t e d  t o  M .  I f  G h a s  N t y p e  ( i )  p r o d u c t i o n s ,  
t h e  pushdown a l p h a b e t  o f  M w i l l  be  N + 1 d i s t i n c t  symbols ,  Z i ,  0 5 i 5 N .  
Z is t h e  i n i t i a l  e l ement  o f  t h e  s t o r e .  The s t a t e s  o f  M co r respond  
0 .  
approx imate ly  t o  t h e  p r o d u c t i o n s  o f  G .  
THEOREM 11. For each  minimal l i n e a r  grammar G ,  a machine 
M E ~ D P D A ( ~ )  c a n  be  c o n s t r u c t e d  w i t h  T ( M )  = L(G). 
Proof. I f  x is indeed i n  L(G), t h e n  t h e r e  is some sequence  o f  
p r o d u c t i c n s  which g e n e r a t e  x .  The p r o c e s s  d e s c r i b e d  below a l l o w s  M t o  
t e s t  e v e r y  p o s s i b l e  sequence;  M r e j e c t s  x o n l y  i f  t h e r e  is no  sequence  
o f  p r o d u c t i o n s  which g e n e r a t e  x .  I f  x is  ambiguous M w i l l  g e n e r a t e  o n l y  
one p a r s i n g  of i t .  (However, M c o u l d  be  e a s i l y  modi f i ed  t o  g e n e r a t e  
a l t e r n a t i v e  p a r s i n g s . )  M w i l l  h a l t  f o r  a l l  i n p u t s .  
1. M moves head 2 r i g h t  t o  $ check ing  t h a t  t h e r e  is e x a c t l y  one 
t h e  i n p u t .  t h e r e  n o t  e x a c t l y  one c M r e j e c t s  o t h e r -  
w i s e ,  M moves head 2  one s q u a r e  l e f t  and head 1 one s q u a r e  r i g h t .  
2 .  I f  h e a d s  1 and 2  a r e  b o t h  s c a n n i n g  c ,  M a c c e p t s  x  and h a l t s .  
Otherwise  M e n t e r s  s t e p  3 w i t h  I = 1. 
3 .  The t y p e  (i) r u l e s  o f  G w i l l  be  s e q u e n t i a l l y  t e s t e d  f o r  
a p p l i c a b i l i t y  t o  x b e g i n n i n g  w i t h  r u l e  I .  Suppose r u l e  I is o f  t h e  form 
S  -+ a I  a I  ... a SbI ... b  . I f  r u l e  I c o u l d  be  used t h e n  head 1 must be  
1 2  I m  P  I1 
scann ing  symbol a ,  a t  t h e  l e f t  end of a  s u b s t r i n g  a, a, ... a, and head 
2 must be  s c a n n i n g  b  a t  t h e  r i g h t  end of a s u b s t r i n g  bI ... b  . M 
I1 P I1 
t e s t s  r u l e  I f o r  a p p l i c a b i l i t y  i n  t h e  f o l l o w i n g  manner. For each  
1 5 j r I M: ( i )  v e r i f i e s  t h a t  t h e  symbol s canned  by head  1 i s  a 
m '  I i  
J 
( i i )  moves head  1 one s q u a r e  t o  t h e  r i g h t .  T h i s  p r o c e s s  is r e p e a t e d  f o r  
t h e  "b -por t ion"  o f  t h e  r u l e  u s i n g  head  2 which moves l e f t  upon a  match .  
I f  b o t h  heads  were s u c c e s s f u l  i n  ma tch ing  a l l  t e r m i n a l  components  o f  
r u l e  I ,  a Z is added t o  t h e  s t o r e  and  M e n t e r s  s t e p  2 .  If a n  i n p u t  I 
symbol f a i l s  t o  match t h e  a p p r o p r i a t e  component o f  r u l e  I a t  some p o i n t  
d u r i n g  t h e  t e s t ,  M c a n  r e p o s i t i o n  t h e  h e a d s  t o  t h e i r  p o s i t i o n s  when s t e p  
2  was e n t e r e d .  ( T h i s  is p o s s i b l e  s i n c e  M c a n  remember i n  t h e  f i n i t e  
c o n t r o l  which r u l e  was b e i n g  t e s t e d  and how f a r  it had s u c c e s s f u l l y  
ma tched . )  I f  I < N ,  M r e e n t e r s  s t e p  3 w i t h  I = I + 1; othe rwise ,M e n t e r s  
s t e p  4 .  
4. T h i s  s t e p  is e n t e r e d  when no  r u l e  c a n  b e  a p p l i e d  i n  s t e p  3 .  
T h i s  means t h a t  even  though e v e r y  r u l e  s e l e c t e d  i n  s t e p  3 c o u l d  b e  ap -  
p l i e d ,  t h e  sequence  chosen  s o  f a r  c a n n o t  g e n e r a t e  x .  I f  t h e  t o p  o f  M's 
s t o r e  is Z and i = 0, M h a l t s  r e j e c t i n g  x  s i n c e  no sequence  o f  produc-  
i ' 
t i o n s  c a n  g e n e r a t e  x;  o t h e r w i s e ,  M u s e s  r u l e  i t o  r e p o s i t i o n  h e a d s  1 and 
2 t h e i r  p o s i t i o n s  when t h i s  r u l e  was s e l e c t e d .  M now erases Z se t s  i '  
I = i + 1 and e n t e r s  s t e p  3 .  Q.E.D. 
L i n e a r  Languages . , and 2DPDA(2) 
A c o n t e x t - f r e e  grammar G w i l l  b e  a l i n e a r  grammar [ 2 ]  p r o v i d e d  
e v e r y  p r o d u c t i o n  o f  G is  o f  one  o f  t h e  f o l l o w i n g  two t y p e s :  
Observe t h a t  i f  y i s  any s t r i n g  d e r i v e d  from S ,  t h e n  y h a s  a t  
most  one  n o n - t e r m i n a l  symbol .  I t  i s  a l s o  t r u e  t h a t  s t r i n g s  i n  t h e  
l anguage  o f  a l i n e a r  grammar a r e  produced from t h e  e n d s  toward  t h e  mid- 
d l e .  We w i l l  show how t o  c o n s t r u c t ,  f o r  e a c h  l i n e a r  grammar G ,  
M E ~ D P D A ( ~ )  w i t h  T(M) = L(G). M w i l l  work s i m i l a r l y  t o  t h e  machine M 
o f  Theorem 11, w i t h  m o d i f i c a t i o n s  t o  a c c o u n t  f o r  t h e  a b s e n c e  o f  a c e n t e r  
marker  and t h e  p o s s i b i l i t y  o f  d i f f e r e n t  n o n - t e r m i n a l s  i n  a d e r i v a t i o n .  
THEOREM 1 2 .  For e a c h  l i n e a r  grammar G ,  a machine M E 2DPDA(2) 
c a n  b e  c o n s t r u c t e d  w i t h  T(M) = L(G). 
Proof. The p r o d u c t i o n s  of G a r e  numbered w i t h  a l l  t y p e  ( i i )  p r o -  
d u c t i o n s  f i rs t ,  E - p r o d u c t i o n s  i n  t h e  f i r s t  of t h i s  l is t .  Note t h a t  M 
c an  remember, i n  t h e  f i n i t e  c o n t r o l ,  t h e  n o n - t e r m i n a l  t h a t  i t  c u r r e n t l y  
expand ing .  I t  is  a b l e ,  t h e r e f o r e ,  t o  choose  o n l y  t h o s e  r u l e s  whose l e f t  
s i d e  i s  t h e  same as t h e  c u r r e n t  n o n - t e r m i n a l  i n  s t e p  2 .  
1. M moves head  2 r i g h t  t o  $; t h e n  head  1 moves one  s q u a r e  r i g h t  
and head 2 one  s q u a r e  l e f t .  I is  s e t  t o  1. 
2.  M s e a r c h e s  t h e  p r o d u c t i o n s  ( b e g i n n i n g  w i t h  r u l e  I )  f o r  one  
t h a t  c a n  be  a p p l i e d  as i n  s t e p  3 ,  Theorem 11. Type ( i i )  p r o d u c t i o n s  
are hand led  by h a v i n g  M move head 2 l e f t  f o r  e a c h  match;  head 1 r e m a i n s  
s t a t i o n a r y  t h r o u g h o u t .  N e i t h e r  head moves i n  a n  E - p r o d u c t i o n .  I f  n o  
r u l e  c a n  be a p p l i e d ,  M e n t e r s  s t e p  4 ;  o t h e r w i s e ,  M e n t e r s  s t e p  3. 
3. T h i s  s t e p  is  e n t e r e d  a t  t h e  c o m p l e t i o n  o f  e v e r y  s u c c e s s f u l  
r u l e  a p p l i c a t i o n .  M moves b o t h  heads  l e f t ,  a d d i n g  a f: t o  t h e  s t o r e  f o r  
e a c h  l e f t  move, u n t i l  e i t h e r  head i s  s c a n n i n g  t h e  C. I f  head  1 r e a c h e s  
$ b e f o r e  o r  a t  t h e  same t ime  as head  2 ,  t h e n  t h e  p a r s e  is  n o t  comple t e .  
The c o u n t  on  t h e  s t o r e  ( i n  f: 's) i s  used  t o  r e p o s i t i o n  t h e  h e a d s ,  and  i f  
t h e r e  was a non- terminal  t o  expand,  s t e p  2 is e n t e r e d  w i t h  I = 1; i f  
t h e r e  was no non- terminal  t o  expand,  s t e p  4 i s  e n t e r e d .  
I f  head 2 s c a n s  a C b e f o r e  head 1, it is  p o s s i b l e  t h a t  t h e  p a r s e  
is complete .  The e n t i r e  s t r i n g  w i l l  have been examined i f  head 1 i s  
one s q u a r e  t o  t h e  r i g h t  of C .  Accordingly ,  M moves head 1 one s q u a r e  t o  
t h e  l e f t ;  if head 1 is n o t  s c a n n i n g  C ,  t h e n  t h e  heads have "c rossed"  
( i . e .  t h e  same symbol has  been used by bo th  heads  i n  some r u l e  c h o i c e ) .  
The heads  a r e  r e p o s i t i o n e d  and s t e p  4 i s  e n t e r e d .  I f  head 1 d i d  s c a n  C ,  
t h e n  t h e  p a r s e  i s  complete if e i t h e r  ( i )  t h e r e  is no non- te rmina l  l e f t  
t o  expand o r  ( i i )  t h e  non- te rmina l  l e f t ,  s a y  B ,  has  a p r o d u c t i o n  o f  t h e  
form B -+ E i n  G .  I n  e i t h e r  c a s e  M h a l t s  and a c c e p t s  x; o t h e r w i s e ,  M 
e n t e r s  s t e p  4.  Note t h a t  s t e p  3  must be  a p p l i e d  even i f  t h e  non- te rmina l  
l e f t  t o  b e  expanded does  n o t  have a n  E-produc t ion  s i n c e  M must check t o  
s e e  whether  t h e  heads  have "c rossed . "  
4 .  T h i s  s t e p  is  l i k e  s t e p  4 o f  Theorem 11, excep t  t h a t  i n  a d d i -  
t i o n  t o  r e p o s i t i o n i n g  t h e  heads  based upon r u l e  i f o r  2 .  on t h e  s t o r e ,  
1 
M must a l s o  remember t h e  l e f t  s i d e  o f  r u l e  i s i n c e  t h i s  w i l l  b e  t h e  new 
non- te rmina l  t o  be  expanded. Z .  i s  e r a s e d ,  I is  s e t  t o  i t 1 and s t e p  2 
1 
i s  r e e n t e r e d  ( u n l e s s  of c o u r s e ,  i was 0 ,  i n  which c a s e  M h a l t s  and re- 
k-Linear  Languages and 2DPDA(3) 
A c o n t e x t - f r e e  grammar G is a k - l i n e a r  grammar i f  a l l  of  i t s  
p r o d u c t i o n s  a r e  of  one o f  t h e  f o l l o w i n g  t y p e s  [251:  
( i )  A+aBB -9. 
a,B c v" A,B,A1, .  . . , A  E v  p  5 k  T;  p  N' 
( i i i )  S -+ AIA 2 . . . A  
P  
For any k - l i n e a r  grammar G we w i l l  show how t o  c o n s t r u c t  
M E 2DPDA(3) s o  t h a t  T(M) = L(G). Number t h e  t y p e  ( i )  and t y p e  ( i i )  
r u l e s  o f  G s o  t h a t  E - p r o d u c t i o n s  a r e  f i rs t ,  t y p e  ( i i )  p r o d u c t i o n s  n e x t  
and t y p e  ( i )  p r o d u c t i o n s  f o l l o w i n g  t h e  t y p e  ( i i )  p r o d u c t i o n s .  Suppose 
t h a t  t h e r e  a r e  N such  r u l e s .  TM = I ~ , + : , T , z  Z . . . , Z  1 and ZO is t h e  
0 '  1' n  
bottom o f  t h e  s t o r e .  
M w i l l  p a r s e  i n p u t s  x  i n  f o l l o w i n g  manner: 
1. Type ( i i )  p r o d u c t i o n s  w i l l  be  t r i e d  s e q u e n t i a l l y .  
2. If t h e  t y p e  ( i i i )  p r o d u c t i o n  c u r r e n t l y  b e i n g  checked is  
S  -+ AIA 2 . . . A  M w i l l  s e a r c h  x f o r  t h e  s h o r t e s t  A ,  and r e c o r d ,  on t h e  
P '  .L 
s t o r e ,  s u f f i c i e n t  i n f o r m a t i o n  t o  r e t u r n  and look  f o r  a l o n g e r  s u b s t r i n g  
i f  n e c e s s a r y .  I f  a n  A1 h a s  been found,  M moves i t s  r e a d  heads  p a s t  t h e  
A i n  t h e  i n p u t  and l o o k s  f o r  t h e  s h o r t e s t  A 2  I i I p .  I f  f o r  some 
1 i ' 
i # 1, M f a i l s  t o  f i n d  A i n  t h e  remainder  o f  x ,  it r e t u r n s  t o  A 
1 i-1' I f  
i = 1 when t h i s  happens ,  t h e  n e x t  t y p e  ( i i i )  r u l e  is  t r i e d .  I f  M h a s  
found  A b u t  t h e  i n p u t  h a s  n o t  a l l  b e e n  examined ,  t h e n  M l o o k s  f o r  a 
P '  
l o n g e r  A back ing  up t o  A 1 I j  I p ,  as n e c e s s a r y .  
P '  P - j '  
Note t h a t  i n  any d e r i v a t i o n  from a k - l i n e a r  grammar, t h e r e  a r e  a t  
most k unexpanded n o n - t e r m i n a l s .  These n o n - t e r m i n a l s ,  as w e l l  as which 
t y p e  ( i i i )  p r o d u c t i o n  i s  b e i n g  t e s t e d ,  can  be remembered i n  t h e  f i n i t e  
c o n t r o l  o f  M .  If t h e  s t o r e  o f  M c o n t a i n s  
t h e n  M h a s  found component A o f  l e n g t h  4 ,  component A 2  o f  l e n g t h  6 and 
1 
is  l o 5 k i n g  f o r  component A o f  l e n g t h  4  and h a s  a l r e a d y  a p p l i e d  r u l e s  5 
3 
and 3 i n  t h e  s e a r c h  f o r  A g .  The o n e s  are p l a c e d  on  t h e  s t o r e  as l o n g e r  
components  a r e  s e a r c h e d  f o r ;  t h e  T 1 s  are added when a component is  f o u n d .  
The i n f o r m a t i o n  on t h e  s t o r e  i s  u s e d  t o  r e p o s i t i o n  h e a d s  1 and 2  when M 
r e t u r n s  t o  Ai-l; head 3 is n e c e s s a r y  t o  a v o i d  d e s t r u c t i o n  o f  t h e  s t o r e  
d u r i n g  t h i s  r e p o s i t i o n i n g .  
1. M sets I ,  J ,  and K e q u a l  t o  1, moves head  1 one s q u a r e  r i g h t  
and  e n t e r s  s t e p  2  l o o k i n g  f o r  component K of r u l e  J ,  t h e  s e a r c h  b e g i n -  
n i n g  w i t h  t y p e  ( i )  o r  ( i i )  r u l e  I .  Heads 2  and  3 move t o g e t h e r  d u r i n g  
s t e p s  2 ,  3 and  7 where r e f e r e n c e  i s  made t o  s t e p s  o f  Theorem 1 2 ,  whose 
machine h a s  o n l y  two heads .  
2 .  M s e a r c h e s  f o r  an  a p p l i c a b l e  r u l e  as i n  s t e p  2 ,  Theorem 1 2 .  
I f  M f i n d s  a n  a p p l i c a b l e  r u l e  it g o e s  t o  s t e p  7 ;  o t h e r w i s e ,  i t  e n t e r s  
s t e p  3. 
i i i 
k  
3.  The s t o r e  c o n t a i n s  Z 1 ' ~ 1  2 ~ .  . .T1 Z . . .Z . T h i s  means M o j l  jp  
was l o o k i n g  f o r  component K o f  l e n g t h  i and h a s  a p p l i e d  r u l e s  j  
k  l y o m  , j p  
i n  t h e  s e a r c h .  M erases Z and u s e s  t h i s  r u l e  t o  r e p o s i t i o n  a l l  h e a d s  
jP 
t o  t h e i r  p o s i t i o n s  when r u l e  j  was s e l e c t e d .  T h i s  r e p o s i t i o n i n g  is  
P  
accompl i shed  l i k e  t h a t  i n  s t e p  4  o f  Theorem 1 2 .  I f  j  < N ,  t h e  number 
P  
of t y p e  ( i )  and  ( i i )  r u l e s ,  s t e p  2 is e n t e r e d  w i t h  I = 
jP + 
If j  P  = 




4. The s t o r e  c o n t a i n s  Z 1 ' ~ 1  T. .  .T1 k .  M was u n a b l e  t o  f i n d  
0 
component K o f l e n g t h i  H e a d l i s  a t  t h e  l e f t  end o f t h e  l e n g t h  i 
k '  k  
s u b s t r i n g ,  heads  2 and 3 a t  t h e  r i g h t  end of  t h i s  s u b s t r i n g .  Heads 2 
and 3 move one s q u a r e  r i g h t  and a  1 i s  added t o  t h e  s t o r e  t o  i n d i c a t e  
t h a t  M w i l l  l ook  f o r  component K o f  l e n g t h  i t 1. I f  heads  2 and 3 do  
k  
n o t  s c a n  $, M c a n  r e e n t e r  s t e p  2 w i t h  I = 1, l o o k i n g  now f o r  a  l o n g e r  
component K of r u l e  J .  Otherwise  M e n t e r s  s t e p  5. 
5.  I n  t h i s  s t e p ,  no component K o f  t h e  p r o p e r  l e n g t h  c a n  b e  
found .  M e r a s e s  1 's  on t h e  s t o r e  u n t i l  a  Z o r  T i s  e n c o u n t e r e d ,  moving 
0 
heads  2 and 3 one s q u a r e  l e f t  f o r  each  e r a s u r e .  I f  a  T  i s  e n c o u n t e r e d ,  
a l l  t h r e e  heads  o f  M a r e  one s q u a r e  p a s t  t h e  r i g h t  end o f  a  component 
K - 1 which h a s  p r e v i o u s l y  been found.  T h i s  component was n o t  o f  t h e  
p r o p e r  l e n g t h  t o  a l l o w  M t o  p a r s e  t h e  r emainder  of x u s i n g  r u l e  J .  M 
r e p l a c e s  t h e  T w i t h  a  1 and w i l l  now look  f o r  a  l o n g e r  component K - 1. 
S t e p  6 is  e n t e r e d  w i t h  K = K - 1. If Z is  e n c o u n t e r e d ,  t h e n  r u l e  J 
0 
canno t  b e  a p p l i e d .  If J was t h e  l a s t  t y p e  ( i i i )  r u l e ,  M r e j e c t s ;  o t h e r -  
w i s e ,  M moves heads  2 and 3 one s q u a r e  l e f t  and e n t e r s  s t e p  2 w i t h  J = 
J + 1 ,  I = l a n d K = l .  
6 .  When t h i s  s t e p  is e n t e r e d ,  a l l  t h r e e  heads  a r e  s c a n n i n g  t h e  
r i g h t  end o f  a s u b s t r i n g  which must be  checked t o  s e e  i f  i t  c a n  be  
g e n e r a t e d  by G as a  component K.  The l e n g t h  o f  t h i s  s u b s t r i n g  is de- 
p i c t e d  i n  a  unary  c o u n t  of 1's on t h e  s t o r e .  Using and e r a s i n g  t h i s  
c o u n t ,  head 1 is p o s i t i o n e d  one s q u a r e  t o  t h e  l e f t  o f  t h e  l e f t  end o f  
t h e  s u b s t r i n g  w h i l e  heads  2 and 3 remain  a t  t h e  r i g h t  end .  T h i s  c o u n t  
must b e  r e p l a c e d  b e f o r e  s t e p  2 i s  e n t e r e d .  Head 3 moves l e f t  one s q u a r e  
and a  1 i s  added t o  t h e  s t o r e ;  heads  1 and 3 now move l e f t  u n t i l  head 1 
s c a n s  a t ,  a  ;: b e i n g  added t o  t h e  s t o r e  f o r  each  l e f t  move. I f  head 1 
s c a n s  $ b e f o r e  head  3 ,  t h e  c o u n t  is  n o t  y e t  c o r r e c t .  The fits on t h e  
s t o r e  are used  t o  r e s t o r e  h e a d s  1 and 3 t o  t h e i r  p r e v i o u s  p o s i t i o n s .  
Head 3 moves one  s q u a r e  l e f t ,  M a d d s  a 1 t o  t h e  s t o r e  and  t h e  l e f t  move- 
ment toward  $ d e s c r i b e d  above  r e s u m e s .  When h e a d s  1 and 3 r e a c h  $ a t  
t h e  same time, t h e  coun t  h a s  b e e n  r e s t o r e d .  Head 3 must now b e  moved 
back t o  t h e  same s q u a r e  as t h a t  s c a n n e d  by head  2 .  The !:'s a r e  e r a s e d ,  
h e a d s  1 and  3 moving r i g h t  o n e  s q u a r e  f o r  e a c h  5 .  Heads 1 and  3 are now 
s c a n n i n g  t h e  same s q u a r e .  Head 3 moves one  s q u a r e  r i g h t  and  t h e  p r o c e s s  
d e s c r i b e d  t o  p o s i t i o n  h e a d s  1 and  3 on  t h e  s q u a r e  scanned by head  1 is  
modi f i ed  i n  t h e  o b v i o u s  manner t o  p o s i t i o n  h e a d s  2 and 3 o n  t h e  s q u a r e  
which i s  scanned  by head  2 .  The c o u n t  i n  1 's  is  unchanged d u r i n g  t h i s  
p o s i t i o n i n g ,  however.  M moves head  1 one  s q u a r e  r i g h t ,  s e t s  I = 1 and 
e n t e r s  s t e p  2 .  
7 .  M c h e c k s  t o  see i f  component K h a s  been  found similar t o  s t e p  
3 o f  Theorem 1 2 .  T h i s  i n v o l v e s  moving a l l  heads  l e f t  t oward  $, a d d i n g  a 
f: t o  t h e  s t o r e  f o r  e a c h  move l e f t .  M n o t e s  whe the r  ( i )  t h e  h e a d s  
" c r o s s e d  , I 1  ( i i )  t h e  component was n o t  f o u i ~ d  o r  ( i i i )  t h e  component was 
found .  The u n a r y  c o u n t  ( i n  f i t s )  i s  u s e d  t o  r e p o s i t i o n  t h e  h e a d s .  M now 
e n t e r s  s t e p  3 i f  t h e  heads  " c r o s ~ e d , ' ~  s t e p  2 w i t h  I = 1 i f  t h e  component 
was n o t  found o r  s t e p  8 is  t h e  component was found.  
8. Component K h a s  been  f o u n d ,  and  M must move a l l  h e a d s  t o  t h e  
r i g h t  end  of  t h i s  component. The s e q u e n c e  o f  p r o d u c t i o n s  u s e d  t o  g e t  
component K i s  on t h e  s t o r e ,  and t h i s  r e c o r d  c a n  b e  used  t o  move h e a d s  
1, 2 and 3 t o  t h e  r i g h t  end  o f  component A For example,  i f  t h e  t o p  of K' 
t h e  s t o r e  i s  . . .  Z Z Z and r u l e  8 is  A + a a ... a Bb ... bl, t h e n  a l l  
2 5 8 '  1 2  p m 
t h r e e  h e a d s  are moved m s q u a r e s  r i g h t  and  Z is  e r a s e d .  The r e m a i n d e r  
8 
o f  t h e  p r o d u c t i o n  r u l e s  r e p r e s e n t e d  on  t h e  t o p  o f  t h e  s t o r e  c a n  b e  u s e d  
t o  c o r r e c t l y  p o s i t i o n  t h e  heads  t o  t h e  r i g h t  end  o f  t h e  component j u s t  
f o u n d .  When a 1 is  e n c o u n t e r e d  on t h e  s t o r e ,  M moves a l l  t h r e e  h e a d s  
one  s q u a r e  r i g h t  and  a d d s  a T  t o  t h e  t o p  of t h e  s t o r e .  The l e n g t h  o f  
component K h a s  been  s a v e d  i n  a u n a r y  c o u n t  u n d e r  T. If t h e  h e a d s  are 
n o t  s c a n n i n g  $, M r e p l a c e s  t h e  T  on  t h e  s t o r e  w i t h  a 1 a n d  e n t e r s  s t e p  
6 .  If t h e  h e a d s  s c a n  $, t h r e e  c a s e s  a r i se .  If K is t h e  las t  component 
o f  a t y p e  ( i i i )  r u l e  J ,  M a c c e p t s  x .  If K is  n o t  t h e  l a s t  component i n  
r u l e  J ,  M mus t  check  t o  see if t h e  r e m a i n i n g  compcnents  i n  r u l e  J are 
t h e  r i g h t  s i d e  o f  a n  E - p r o d u c t i o n  i n  G .  If s o ,  M h a l t s  and  a c c e p t s  x ;  
if n o t ,  M e n t e r s  s t e p  5 .  Q.E.D. 
COROLLARY 1 3 . 1 .  If L  is a m e t a l i n e a r  l a n g u a g e ,  t h e r e  e x i s t s  
M E 2DPDA(3) s u c h  t h a t  T(M) = L. 
Proof. S i n c e  a n y  m e t a l i n e a r  l a n g u a g e  is  k - l i n e a r  f o r  some k 2 1, 
t h i s  c o r o l l a r y  is  a t r i v i a l  consequence  o f  Theorem 1 3 .  Q.E.D. 
CHAPTER I V  
CONCLUDING REMARKS 
I n  t h i s  t h e s i s  we have examined u n i v e r s a l  machines and machine 
h i e r a r c h i e s  ( C h a p t e r  11) and two-way d e t e r m i n i s t i c  pushdown a c c e p t o r s  
f o r  c e r t a i n  CFL (Chap te r  111). S e v e r a l  i n t e r e s t i n g  problems f o r  a d d i -  
t i o n a l  s t u d y  a r e  s u g g e s t e d  by t h e  r e s u l t s  which have been p r e s e n t e d  
h e r e .  
Although we have shown t h a t  t h e  class 2DPDA c o n t a i n s  a member U 
u n i v e r s a l  o v e r  lNFA, i t  remains  open whe the r  2DPDA is t h e  s m a l l e s t  c l a s s  
c o n t a i n i n g  such  a member. One good c a n d i d a t e  f o r  a s m a l l e r  c l a s s  con- 
t a i n i n g  t h e  r e q u i r e d  u n i v e r s a l  machine i s  t h e  c l a s s  o f  2DPDA w i t h o u t  
endmarkers .  Our c o n s t r u c t i o n  (Theorem I), however,  r e q u i r e s  a t  l e a s t  
one  endmarker and canno t  be  e a s i l y  modi f i ed  t o  p r o v i d e  a 2DPDA w i t h o u t  
endmarkers  which is  u n i v e r s a l  o v e r  1NFA. 
For e a c h  h 2 1, t h e  r e s u l t s  of Theorems 4 and 5 d e f i n i t i v e l y  s e t -  
t l e  t h e  i s s u e  o f  u n i v e r s a l  machine membership f o r  t h e  c l a s s e s  2DPDA(h) 
and 2 N p D ~ ( h ) .  However, t h e s e  r e s u l t s  do  n o t  p r o v i d e  d i a g o n a l  l anguage  
a c c e p t o r s  f o r  t h e s e  c l a s s e s .  I t  is  o f  i n t e r e s t  t o  f i n d  t h e  s m a l l e s t  
i n t e g e r  h 1  s o  t h a t  t h e  class 2DPDA(h+h1) ( o r  2 ~ ~ ~ ~ ( h t h ' ) )  c o n t a i n s  a 
machine which c a n  r e c o g n i z e  a d i a g o n a l  l anguage  f o r  t h e  c l a s s  2DPDA 
( o r  2NPDA(h)). 
For  each h 1 2 ,  t h e  q u e s t i o n  o f  u n i v e r s a l  machine membership for 
t h e  c l a s s e s  2DFA(h) and 2NFA(h) is n o t  d e f i n i t i v e l y  s e t t l e d .  I n  f a c t ,  
two d i f f e r e n t  c l a s s e s ,  namely 2~PlIA(h-1)  and 2 ~ P ~ ~ ( h t l )  a r e  shown t o  
c o n t a i n  t h e  r e q u i r e d  u n i v e r s a l  mach ines .  I t  i s  n o t  known whe the r  t h e  
p a i r s  o f  c l a s s e s  a r e  comparable  and we hope t o  examine t h i s  i s s u e .  
A d d i t i o n a l l y ,  t h e  q u e s t i o n  o f  whe the r  ~ N F A ( ~ )  i s  a  p r o p e r  s u b c l a s s  o f  
2NFA(h+h1) f o r  any h 1  r ema ins  open.  The a d d i t i o n  of some f i x e d  number 
of heads  t o  o u r  u n i v e r s a l  machine of Theorem 9 may a l l o w  t h e  c o n s t r u c -  
t i o n  of a d i a g o n a l  l a n g u a g e  a c c e p t o r  f o r  2NFA(h). 
Another  problem s u g g e s t e d  by t h e  r e s u l t s  o f  C h a p t e r  I1 i s  w h e t h e r  
similar r e s u l t s  a r e  o b t a i n a b l e  f o r  v a r i o u s  c a l s s e s  o f  m u l t i h e a d  SA. I t  
is n o t  o b v i o u s  t h a t  Theorems 4 and 5 can  be  m o d i f i e d  t o  p r o v i d e  a n  e a s y  
answer  t o  t h i s  q u e s t i o n .  
2WPDA i s  now t h e  s m a l l e s t  c l a s s  known t o  c o n t a i n  a machine  u n i -  
v e r s a l  o v e r  2NPDA(h) f o r  a l l  h .  We have a l s o  d i r e c t l y  c o n s t r u c t e d  a 
l a n g u a g e  which is 2WPDA r e c o g n i z a b l e  b u t  i s  n o t  t h e  a c c e p t a n c e  s e t  of  
any  m u l t i h e a d  PDA. D i r e c t  a rgumen t s  s u c h  as t h e s e  a r e  n o t  i n  vogue;  
we have  shown t h a t  t h e y  c a n ,  n e v e r t h e l e s s ,  b e  u s e d  t o  e s t a b l i s h  r e l e -  
v a n t ,  i n t e r e s t i n g  r e s u l t s .  
F i n a l l y ,  i t  r e m a i n s  open whe the r  t h e  c l a s s e s  2DPDA and lNPDA a r e  
comparab le .  The r e s u l t s  of  C h a p t e r  I11 a t t a c k  t h i s  problem.  We hope 
t o  e x t e n d  t h e s e  r e s u l t s  t o  a r b i t r a r y  CFL i n  t h e  f u t u r e ,  making i t  pos-  
s i b 1 2  t o  c o n s t r u c t  f o r  any CFL, L, a machine M i n  2 3 P ~ ~ ( h ) ,  h  5 1 3 ,  s o  
t h a t  T(M) = L. 
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